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COMPLEMENTS IN THE LATTICE OF ALL
TOPOLOGIES OF TOP. GROUPS

MILAN LAMPER, Levice
(Received March 29, 1974)

This paper deals with the considerations about the structure of a set of all topolo-
gies of topological groups and some properties of the complementary topology of the
given topology of a topological group.

In the first part it is proved, that the set 9 of all topologies of topological groups
on the underlyining set G is a complete lattice, and it is proved that if G is an abelian
group, then the lattice ¥ is modular. In the second part we shall investigate the
complement of the topology ©(Z) of a top. group (G, X) that is compatible with the
group operation.

Further we shall deal with the complementarity of factogroups of complementare
groups, and in one example we shall show, that lattice ) is not distributive.

A topology 7(Z*) on a set is always given by a neighbourhood basis Z*. A neigh-
bourhood of a set in a topological space is an open set containing that set. A topolo-
gical group on a group G with a topology 7(2), that is defined by a neighbourhood
basis of zero X we shall denote by (G, X).

§ 0. PRELIMINARY REMARKS AND DEFINITIONS

0. 1. A topological space is a space in the meaning of Bourbaki (i.e. ¢ = ¢ 4 < 4,

A=A A< B = Av B. This space is not a T,-space.

0. 2. Lattice operations are indicated v, A. Partially ordered set A4 is called
complete lattice, if there exists a supremum and an infimum of every its subset.

0. 3. The sets of all topologies on the set N we shall notice & or F(N). The set of all
topologies on a group G that are compatible with the group operation we shall
notice 9 or Y(G).

At next considerations the two following sentences are basic.

0.4.Let(G,2)bea tbpological group. Then X fulfils the following conditions:

1. The intersection of two arbitrary sets of X contains a set of Z.
2. For any set U € X there exists aset Ve Zsuchthat ¥V — V< U.
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3. For any set Ue X and any element u e U there exists a set Ve X such that
V4+ucU

4. For any set Ue XY and any element g € G there exists a set V€ X such that
-g+V+gac U

Proof: [1], 1L, § 18., p. 107.

0. 5. Let G be a group. Let X be a system of subsets of G fulfilling the conditions
1.—4. of 0. 4. Then (G, X) is a top. group. Topology in G defined by means of X is
determined uniquelly.

Proof: [1], IIL, § 18., Th. 9., p. 107.

§ 1. STRUCTURE OF THE SET OF TOPOLOGIES
TOPOLOGICAL GROUP

This part will be investigated of the structure of the set of topologies, of the topolo-
gical groups.

1.1 Definition: Let 7, and 7, be topologies on the set G. We say, that 1, is stronger
than t, (t, is weaker than t,), when there exists a base X} with regard to the topology
7, and X} regarding to the topology 7, and X} > X;. We write 1, > 1,.

1.2. Lemma: Let (G, X) be a top. group, M < G an arbitrary set and X’ be the set
of all open sets in (G, Z) containing zero in G. Then (G, X’) is a top. group and it
holds M, ;) = M y,.

1. 3. Lemma: Let (G, X,) and (G, X,) be top. grops. Then the following statement
are equivalent. ‘

L o(Zy) 2 «(Zy)

2. For arbitrary set M < G itis M 5, M ;.

3. For arbitrary neighbourhood U € X, there exists a neighbourhood ¥V € X, such
that U> V.

4. For the systems of X' and X2 of all open sets containing zero in G with regard
to topologies t(Z,) and 7(X,) it holds X! > X2,

Proof: See [3].

1. 4. Remark: The relation < introduced in def. 1.1. is partially order on the set 9
of all topologies of top. groups with the same underlyining set G.

1.5. Theorem: The set 9 of all topologies of top. groups on the same underlyining
set G is a complete lattice with the greatest element ©(2), £ = {X< G:0€ X} and the
smallest element 7(Z), £ = {G}.

Proof: Let ©(Z,) € 9(G), i e I. Evidently it is t(£) = ©(Z) = ©(Z).
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Let {z(Z,) : i e I} be an arbitrary set of topologies on the group G Z; be a system
of all neighbourhoods of zero in the topology (%), iel. Let Q ={( U;:U;e

iel
€Z;,iel card {iel: U; # G} < Ny} and we prove that V) {7(Z)) :iel} = 1{Q}.
First we prove, that the system G fulvils conditions 0.5.
. Let W, W,e€Q. Then W, =N U;, W, =) U;, where U;eX;, iel,, Uje
ielo jedJ
€X;,jelJy, Iy and Jy are subsets in 1. It is W, n W, = Uy, where K, = I, U J,,

ke Ko

UkEEko, Ko < I, Card KO < No.

2.—4. Let W =) U, e Q is an arbitrary element. Then there exists a set I, < I,

iel

card I, < N suchthat U; # Gforielyand U; = G forie I\ I,. Then for arbitrary
elements we W, ge G, U,, i€ I, according to 0. 4. there exists neighbourhoods
VieX, ielysuchthatitis V; — V,c U;[V,+ wc U;, —g + V; + g = U]. For
ielI\1, it is U; = G and then it holds this relation for V; = G. It means, that
NVi-NVieNW,=-V)<sNU,.[NVi+w=NW:+wcNU;, —g+
iel iel iel iel iel iel iel
+NVi+g=N(—-g+ V;+ g < U;, where only for iel,, card I, < N, is

iel iel iel
V:# G and then (¥, e Q. According to 0. 5. (G, Q) is a top. group. The system Q is

iel

by the system Z;, i € I uniquely defined.

Therefore Ge) Z;, N Z; = Q and according to L. 1. 3. it is ©(Z)) < 7(Q). If

iel iel
@ € 9) is an arbitrary topology with the property ¢ = t;, i€/, and X’ a system of all
neighbourhoods of zero in topology ¢, thenitis £’ = () Z; (see L. 1. 3).

iel
For arbitrary We Q it is W =() U;, where U;e X, i € I. From the condition
iel

1. 0. 4. there exists a neighbourhood W’ e X’ such that W’ < W. By the implication
3. = 1. of the lemma 1. 3. it is 7(Z") = 7(Q). So the topology t(Q) is the supremum of
topologies (X)), i€ I.

We proved, that the set ) has the smallest element that is the trivial topology and
that every subset of set ) has a supremum. So the set ) is a complete lattice.

1.6. Corollary: If 7(Z;) e 9(G), i€l then it holds Vg ©(Z) = Vye) ©(Z) =
iel iel
=1(Q), where Q = {U;:U;eZX;,, i€l card {iel, U; # G} < N}

iel

Proof: It follows from the proof of the theorem 1.5.

1.7. Definition: Let ¢(Z,), ©(Z,) € V(G). We say that t(2,) and 7(X,) are commuta-
tive topologies if for arbitrary Ue X,, V e X, there exist U,, U, e X,, V{, V,€ZX,
sothat U+ VooV, + U, V+ U> U, + V,.

1.8. Theorem: If 7(X,), 7(Z,) e V(G), Z ={U + V:Ue X, VeX,}, ¥ ={V +
+ U:UeZX,. VeZX,}, then the following statements are equivalent:
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1. 7(Z,) and 7(Z,) are commutative.
2. 1(2) = 1(2)
3. 1(Z)) Ay t(Z2) = 1(2)

Proof: 1. = 3.: First we prove that the system X fulfils the assumplitions of
complete system of neighbourhoods of zero of a topology from 9)(G).

1. For arbitrary U + V, U, + V,eZitis(U+ V)n (U, + V) > (Un U, +
+WVnV)=U,+V, where UyeX,,U,nU,, V,€X,, V,=VnV,.

2.Let U + V € X be arbitrary. Then therexist U'e X,, V' € £, suchthat U o U’ +
+ U, Vo V'+ V' and therefore U’ + V'eX. Further there exist U"eX,, V"eX,
such that U' + V' o V" + U” and U" + V'€ X, U" < U', V" < V' and it holds
U+vr+@WU +vV)=U0U"+WF"+U0U)+V'cU+U+V)+V'c
cU=2UY+ V' +V)cU+ V.

Further there exist ¥”" € 2,, U” € Z, such that — V" < V", —U”" < U” and it is
—U"+V"Y)=-N"-U"cV' +U" cU +V U+ V.

3. For arbitrary U+ VeZX and u + ve U + V there exist U' e X, and V'e
€X,,V'eZ,suchthat U + uc U, V' +vc V,—-u+V"+uc V' . Then U +
+V'eZand(U + V) +w+v)=U+F"+uy+vclU +Ww+V)+v=
=U +uw+ V' +v)yc U+ V.

4. For arbitrary U + V € X, g € G there exist U; € XZ,, V, € X, such that —g +
+U,+gcU,, —g+V,+gcVand —g+ U, +V)+g=(—g+ U, +g) +
+(-g+Vi+g<cU+V,U + V,eX.

Together vith regard to 0. 5. it is 7(Z) € V(G).

Now we prove, that 7(X;) Ay ©(Z;) = 7(2). Evidently ©(2) < (), i =1, 2
and if ©(Z,) € V(G), ©1(Zo) < ©(Z), i = 1, 2, then for arbitrary neighbournhood
U, € X, there exists W, € X, such that U, > W, + W,. Further there exist U, € £,
V,eZ,, Woo U,uV,and then Uy> U; + V,, U, + V; € X and by 1.3. it is
1(Zy) £ (%), i.e., ©(2) is an infimum of topologies 7(X,) and 7(Z,) in the lattice 9.

3. = 1.: For arbitrary UeX,, Ve X, there exist U, €X,, V;€ZX, such that
tU,cU, ViV, U+VoU, +V)+ U, +V,)>V, + U,. Further,
there exist U,e€ZX,, V,€X, such that U, + V, > —(U, + V) and V + U >
>V -U=-U+V)>U, +V,.

Together 1(X) and t(2’) are commutative.

1. <> 2. According to the deﬁnjtion 1.7. and lemma 1.3.

1.9. Corollary: Let G be an abelian group, 1(Z,), ©(Z,) € 9(G). Then 2(Z,) Ay(q)
Ay T(Z;) = 1(Z), where £ ={U+ V:UeZ,, VelX,}.

1.10. Theorem. If G is an abelian group, then the lattice Y(G) is modular.

Proof: Let topology t(Z,) € V(G),i = 1, 2, 3, ©(£,) < ©(Z5). Regarding to Lemma -
1.2. we may suppose that X, is formed with all open sets in t(Z;), which contains zero
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in G (i =1, 2, 3). Let us indicate: " = ©(Z)) Vy (2(Z;) Ay ©(Zy), 1" = (2(Z) Vy
©(Z;)) Ay t(Z;). According to 1.6. and 1.9. it is 2’ = {U n(U, + Uy) : U;e X,
i=1,23},E ={U nUy)+ U;s:UeZX,i=1,2, 3} respectivelly) a complete
system of neighbourhoods of zero of the topology t* (resp. t”). Let U” € 2" be an
arbitrary neighbourhood. Then U” = (U; n U,) + U;, U;€ X, i = 1, 2, 3 and there
exist U; e X,, U5 € X, such that — Uy + Uy <« Uy, U; = U; n U, because U €
€Y, = X,. From that for arbitrary u' e U’ = Uy n (U, + Uj) it holds v’ = u, +
+ u3e Uy, where u, e U,, u; € Uy. Then u, = —uy; + u'e =U; + U< —U;
c —U; + U7 = U,, what it means, that ¥’ e (U; n U,) + U,, ie,, U' < U” and
by lemma 1.3. it is " = t”. Relation t" < t” is obvious, then 7’ = 1”. Together we
proved, that 9(G) is a modulare lattice.

§2. A COMPLEMENT OF A TOPOLOGY OF A TOPOLOGICAL
GROUP IN THE LATTICE §G) AND 9(G)

2.0. Definition: Let G be a set and t(Z) be a topology on G a topology ©(2’) on G
is called a complement of the topology (%), if the supremum of topologies 7(Z) and -
7(2’) is a discrete topology and the infimum of topologies ©(X) an 7(2’) is a trivial
topology.

2.1. Theorem: Let (G, X) and (G, X’) be top. groups. Then topologies t(X) and
t(2') are complementary in the lattice & if and only if G = n £ + n 2’ and there
exist neighbourhoods U e X, V € X', with the property U n V = {o}.

Proof: =: Let 7(2) and 1©(Z’) be complementary in & With the assumption
(%) vg u(Z) = 7({2%}) it is evident that there exist neighbourhoods Ue X, V € ¥’
with the property U n ¥ = {0}. Further for arbitrary neighbourhoods Ue X, Ve ¥’
it is the set U+ ¥ open in 7(Z), ©(2) and with the assumption 7(£) A g7(2) = 1({G})
it follows U + ¥V = G. Let ge G be an arbitrary element. Then for each Ue X,
V e X' there exist elements ue U, ve V,thatg =u + 0. If U, U, € X, V, V, € X' are
such neighbourhoods, that Un V < {0}, —U, + U, c U, V; — V; < V, then there
exist u; € Uy, v, e ¥V, such that g = u, + v,. Let V, €X', v, ¢ V, = V, exist. Then
thereexist V3 =V, n V,, V;eX anditholdsg = u, + v,, whereu, € U;, v, € V5.
From there —u, + u; =v, —v,e(=U; + U))n(Vy = V) =« UnV = {0}. Then
v, =v,€ V3 < V,, what is a contradiction. It means, that v, e n £’and similarly
we prove, that yyenZand G=n2X + N 2"

<=: If there exist arbitrary neighbourhoods UeZX, Ve X', Un V = {0}, then
evidently () vgt(2") = 1({2°)). Let G = n X + nX beand & # A = G, 4 be
an open set in 7(2) and 7(2’), a € A arbitrary element. Then O € A — a is an open set
in ©(2) and 7(2’), then n XU N X' « 4 — a. Further, for an arbitrary element
z € NZ there exists neighbourhood U, € 2’ such that z + U, = 4 — a, what means, that
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G=nI+nXcU{z+U,:zenXlcA—ac G Together A =G+a=G
and (%) A g ©(Z) = 1({G}).

2.2. Theorem: Let (G, X) and (G, X’) be top. groups. Then the topologies 7(2) and
7(Z') are complementary in the lattice § if and only if G = U + V, for any Ue X,
V € ¥’ and there exist neighbourhoods U, € X, V, € X’ with the property U, n V,, =
= {0}.

Proof: =: It follows from the proof the Theorem 2.1.

<:LetG = U + V, be for arbitrary U € Z, V € X’ and let neighbourhoods U, € X,
Vo€ X' exist such that Uy n V, = {0}. Evidently {0} € ¢(%) vg1(2') and (%) v¢
Vv & 1(2’) is a discrete topology. Further, if 4 = G is a not empty open set in 7(2) and
7(2') and a € A an arbitrary element. Then 4 — a is open in 7(£) and so in 7(2) and
O € A — a. There exists a neighbourhood Ue X, U = 4 — «. Further, forany ze U
there exists a neighbourhood U, € X" such that z + U, = 4 — a. One of these neigh-
bourhoods U, € 2’ wesign V. ItholdsG =U+ Vc U{z+ U,:zeU}c 4 —-ac
< G. Together A = G + a and then (%) A g 1(2) = ({G}).

2.3. Definition: Let G be a group, 4, B normal subgroups in G. If G = 4 + B,
A n B = {0}, then it is called, that G is a direct product of A, B.

2.4. Lemma: Let (G, X) be a top. group and let U € X be a subgroup in G. Then U is
a closed set in G (U is a clopen set).

Proof: Letge U.U+ g is a neighbourhood of g, (U + g) n U # 0. Then there
exist elements f, h e U such, that f + ¢ = h. From thereg = —f + heU,or Uc U
an then U = U.

2.5. Theorem: Let (G, 2) and (G, ") be top. groups. Then topologies () an
7(2") are complementary in & if and only if, there exist basis 2, and X of topologies
7(%) and ©(2'), X, < X, Xy < X' such that G is a direct product of any neighbourhood
UeZXZ, and VeZj.

Proof: =: Topologies (%) and t(2") are complementary in §, then with regard to
theorem 2.2. there exists a neighbourhood U, € ¥ and V,, € X’ such that Uy, n V,, =
= {0} and for any Ue ¥ and any Ve X' itholds U + V = G.

We chose the systems 2, = {Uc U, : Ue X}, 2| = {V < V, : Ve X'} For any
neighbourhoods UeX,, VeZXiitis Un ¥V = {0}, U+ V = G. For any neigh-
bourhood Ue X (UeZ’) there exists a neighbourhood U, e X <« X (U, e X = ')
such that U, = U. Then X, (Z7) is a base of zero of topology t(2) (7(Z")).

We shall prove that for every neighbourhoods U € X, there exists a neighbourhood
WelX,, Wc Usuch that W is a subgroup. For any Ue€ X, there exists W, € X,
such that W< U, —W — W+ W+ Wc U. Evidently it is Wn V = {0},
W+ V=G for any VeZl.
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Let w,, w, € W be. Then we can write w, + w, in the form: w, + w, = w + 1,
where we W, ve Ve 2. From there v = —w + wy + w, < U, ie., ve U, veV but
UnV =/{0}, ie, v=0, when w, + w, = we W and then W + W< W. Let
w, € W. The element —w,; we can write in the form —w, = w + v, where we W,
veV=v=—-w-—w U, ie, veV, velU. But UnV = {0} follows v =0,
—v=0, —w, = we W, —W < W. Together W is a subgroup. According to 2.4. W
is a clopen subgroup in G.

We notice £, = {W : WeZXZ,, Wis a clopen subgroup in G}. In the same way we
can construct the system

I, ={W':W'eZXi, Wis a clopen subgroup in G}.

For any neighbourhood Ue X2 (UeZX’) we ca find a neighbourhood WeZ, c
c Y(WeZX, < X')such that W < U. Then X, (X)) is a base of zero of topology t(Z2),
(z(2")). For any W € X, there exist W, e X,, Wy, = W such, that W, is a norm. sub-
group in G. Let We X,, W e X}. Then Wand W’ are clopen subgroups in G and it
is W+ W =G, Wn W = {0}. If ge G is an arbitrary element, then there exist
Woc W Wi W, WyeX,, WsgeX,,suchthat —g + Wy + g W, —g + Wy +
+ g W’. We choose any wye W,. Then —g + w, + g = wo + wg, where wo € Wy,
woe Woand —wy — g + wo + g = wh € W§. Itis wy € W because —wy € Wy = W,
—g+wo+geW and it follows —wy,— g + wo + g = wy = W. Therefore
WaWi={0},wy=0,—g+w,+g=woeW,, —g+ Wy +gc W,,and W,
is a normal subgroup in G. We sign

Xy, ={W,: WyeZ,, Wy is a normal subgroup in G}
and with the same method, we construct X = X2,
Xy ={Wy: W'eZX,, Wsisanorm. subgroup in G}.

Finally we have that in every neighbourhood U € X (resp. £’) if can be found a neigh-
bourhood, W, e X, c X (W, e Xy < 2’) such that W, = U. Then X,, X resp., is the
base of zero of topology 7(X), ©(2") resp. For each neighbourhood W, € £, and W e
e X, ifis Wy n Wg = {0}, Wy + W§ = G. Then X, and X; are such bases that G is
a direct product of an arbitrary neighbourhood Ue 2, and Ve Xj, 2, = X, 2 < ¥'.
Evidently (G, X,) and (G, X;) are top. groups.

< Systems X, and X are bases of topologies 7(X) and 7(2’), and G is a direct
product of arbitrary neighbourhoods U e X, and U’ € X|,. For every neighbourhood
Woe X, and Wge X itis Wy n W§ = {0}, Wy + W{§ = G and therefore according
to the theorem 2.2. topologies 7(¥) and 7(2’) are complementary in .

2.6. Corollary: Let (G, 2) and (G, X') be top. groups (%), ©(2’) be commutative
topologies. Then there are the following conditions equivalent:
1. ©(2), ©(2’) are complementary in lattice .
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2. G =nZX+ n2X and there exist a neighbourhoods Ue X, Ve X', such that
UnV ={0}.

3. U+ V=G for any Ue X, Ve X' and there exist neighbourhoods U, € X,
V, € X', such that Uy n ¥V, = {0}.

4. There exist bases of zero X, = X, Xy = X’ of topologies (), ©(Z’) such, that G
is a direct product of any neighbourhood U € X, and neighbourhood V € X;.

5. ©(2), 1(2') are complementary in the lattice 9).

Proof: 1. < 2.:see Th. 2. 1
l.<>3.:see Th. 2. 3
l.<>4.:seeTh. 2. 5
1. = 5.: If ¢(2) and ©(X’) are complementary in lattice &, then according
to the corollary 1. 6. it is (&) vg ©(Z') = ©(¥) vy 1(2'). By Th. 2. 2. for all Ue Z,
VeZX' it holds U + V = G. According to the corollary 1. 9. if is 7(Z) Ay 7(Z") =
=t{U+ V:UeZX, VeX}) = 1({G)}) and then 7(Z) and 7(£’) are complementary
in the lattice ).

5. = 1.:If 1(2) and ©(2’) are complementary in the lattice 9, then ©(Z) v 4 1(2’) =
= 1(¥) vg©u(Z'). Further, it is ©(2) Ay ©2) = 1({G}), but (X)) Ay ©(Z) =
=t({U+V:UeZ Vel'}), U+ V =aG, for any Ue X, Ve X' Then by 2. 2.
7(Z) and ©(X’) are complementary in the lattice §.

2.7. Remark: Let (G, X) and (G, 2') be top. groups. Then the conditions 1., 2., 2., 4.
are equivalent to the result 2. 6.

2.8. Corollary: Let G be a group (an abelian group, resp.), ©(2) € 9,(G). Then (2)
has a complement (from ¥(G)) in lattice § (2, resp.) if and only if ©(2) is discrete.

Proof: In both cases it follows from 2. 1. and 2. 6., that t(X) has a complement
7(2") there in 9 if and only if G = N X + N X’ and there exist neighbourhoods
UeZ, Vel suchthat Un V = {0}. But then n £ = {0} when G = n X', 7(Z') =
= 1({G}) or 1(2) = 1({29}). The rest of the proof is evident.

2.9. Corollary: Let G be a group (an abelian group, resp.), ©(2) € V(G) \ D o(G).
Then t(2’) (from Y(G)) is a complement to 7(Z) in lattice & (2, resp.) in that case
when G is a direct product of n Y and nXY andnXeX, nX' el

Proof: If it is ©(X") a complement of 7(X), then N X, n X’ are normal subgroups in
G and accordingto 2. 1.and 2. 6.itisG = n X2 + N X', n X n n X' = {0}. Further,
UeZ, Vel and by 2. 5. there exist normal subgroupsin G, 4 <« U,Bc V,Ae ¥,
Be X' such that 4 + B =G, An B = {0}. If there exist U, €Z, U; & A by the certain
arguments there exists a normal subgroup C = U,,Ce X, C & AsuchthatC + B =
= G, Cn B = {0}. With regard to the modularity of the lattice of normal subgroups
in G we receive a contradiction and then 4 = n X € X. Similarly we prove, that n £’ €
€ X'. The rest of proof is evident.
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2.10. Example: If G is an abelian group, G = A, ® A2 = A, @ A3 are direct
products, 4, # A, then for topologies 7(Z;), where X, = {X = G : 4, = X}, it is
() e V(G), i = 1, 2, 3. According to 2. 1. topology t(£) is complementary to
7(Z,) and 7(2,), 1(X,) # ©(£,). Obviously the condition 7, A (T, v T3) = (T, A 7)) Vv
v (t; A 73)is not fulfilled and the lattice 9)(G) is not distributive.

2.11. Definition: A top. space G is called connected when it is not decompose it in
two (not empty) disjunctive closed (open) sets 4, B. In the contrary case the.top. space
is called disconnected.

2.12. Theorem: Let (G, X) and (G, X’) be top. groups. If topologies 7(2) and 7(2')
are complementary in§ and £ # {0, G} + 2’ then (G, X) and (G, X’) are disconnected
spaces.

Proof: Let us assume, that (G, X) is a connected top. space. From the theorem
2. 5. it follows that there exists a neighbourhood U € X, which is a subgroup in (G, X),
{0} # V # G. According to the lemma 2. 4. V is a closed set, i.e., U is clopen. The
set G\ Uis closed in (G, X¥) and U u (G\U) = G. It can be possible only if G\U = ¢
or G = U and it is a contradiction, with the fact that U is a subgroup in G, {0} #
#U#G.

Similarly we can prove that (G, X’) is a disconnected top. space.

2.13. Theorem: Let (G, X) and (G, 2’), be top. groups, topologies t(2) and t(Z’),
be complementary and N < G be a subgroupin G. If 2y = {UnN:UeZ}, X =
={V n N:VeZX'}, then top. groups (N, Xy) and (N, X}) have again complement-
ary topologies 7(Z'y) and ©(Zy) if &.

Proof: We prove, that the systems X'y and Zy, fulfil the conditions Th. 2.2.

1. Let UyeZXy, VyeXZy, Uy=UnN, Vy=VAN, where UeZ, Vel
Itholds U+ V=G, NcG=>N=UnN+VAN=Uy+ Vy.

2. If FeX, HeZX', Fn H = {0}, then there exist sets FyeXy and Hye Xy,
Fy=FnNHy=HnNanditisFyn Hy=FnNnHanN=FnHnN =
= {0}.

2.14. Remark: If (G, X) and (G, X’) are complementary top groups, N = G is
a normal subgroup in G, then the top. factogroups (G\N, £*) and (G\N, X'*) are not
complementary generally. (The system X*-see [1], p. 111 def. 24).

The situation, when complementary factogroups we can derive from complemen-
tary groups, it is shown in the following, theorem.

2.15. Theorem: Let (G, 7) and (G, ') be top. groups, and topologies T and t’ be
complementary, X and X’ be bases of topologies t and ©’ composed with normal sub-
groups.Let N = n Zor N = n X'. Then top. factogroups (G /| N, Z*)and (G | N, X'*)
are complementary (in §).
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Proof: We chose bases X and X’ of topologies t and 1’ in such a way, that they
are composed only with the normal subgroups in G. Such bases exist (see 2.5.) First,
we prove that N = n X is a normal subgroup. By 0. 5. for any neighbourhoods
U € X and any el;ment a € U there exists a neighbourhood V' € Xsuchthat V + a = U.
Specially forany Ue 2 and anyne Nitis N + n < Uand N + N < N. Further, for
any neighbourhood U € X there exists a neighbourhood V e X such that —V < U.
However V> N, or —N c —V < U and from there —N <« n X = N. Together N
is a subgroup in G. Further for any neighbourhood U e X and any element ge G
there exists a neighbourhood ¥V € X such that —g + V' + g < U. Then —g + N +
+g< —g+ V + g < U for any neighbourhood U € X. It means, that —g + N +
+ g = N. According to [1], p. 19, def. 4 N is a normal subgroup.

We prove, that systems Z* and X'* fulfil the asumptions of the theorem 2.2,, i.e.,
for any Uy e Z*, Ve Z'* it holds U; + V, = G and exist F, e 2*, H, € 2'*, such
that F; n H, = {0} in G| N.

l.Forany Ue X, Ve X itisU + V = G. We denote U, and ¥V, elements of bases
X* and X'* inducet with the set U and V. Evidently it holds U; > U, V,  V and
U, + V, = G. Evidently so for any neighbourhood U* € 2* and V € X'* it holds
U* + V* =G.

2. There exist sets F e ¥ and H € 2’ such that F n H = {0}. We denote F, and H,,
belonging element of bases 2* and X’* induced with sets F and H. We prove, that
FinH, =N.

We assume, ¥x = N + x < F; n H, and show, that x = N. Therefore 0 € N and
xeF,nH =F nH+ N, F,=U{N+ x:xeF} follows xe Fn H + N. We
can x write x = h + a, where he H, ae N and h = x — ae€ F. Therefore N = F
and Fis a subgroup. But F n H = {0}, therefore » = 0and xe N. Then X = N + x
is the zero element of the factogroup G/ N. Then F; n H, = N.

2.16. Remark: Let (G, X) and (G, X’) be complementary top. groups. If at least
one of there systems Z, 2’ is such, that-every its element is unit in a factogroup G /| N
with regard to a normal subgroup N in G, then the top. factogroups (G |/ N, X*)
and (G | N, 2'*) are complementary. (In {).

Proof: Is similar as the proof of the Th. 2.15.
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