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SVAZEK 25 (1980) APLIKACE MATEMATIKY cisLo 2

CONTACT PROBLEM OF TWO ELASTIC BODIES — PartII

VLADIMIR JANOVSKY, PETR PROCHAZKA

(Received September 1, 1977)

INTRODUCTION

A special class of contact problems was formulated in Part I of this paper, see [4].
One discrete version was also proposed and its numerical solution by means of
p, A-Algorithm was discussed. Convergence of the algorithm to the “discrete”
solution was proved.

The aim of Part I has been the analysis concerning the convergence of the “discrete”
solution to the solution of the ‘““‘continuous’ problem. Part II is divided into the fol-
lowing chapters:

4. Convergence

5. Smooth approximation of K

6. Approximation properties of the spaces VP
Appendix.

Chapter 4 answers the question of convergence under certain assumptions. These
assumptions are discussed in Chapters 5 and 6. In Appendix one remark to [6],
Theorem 7.2 on page 112 is made.

4. CONVERGENCE

In this chapter we investigate convergence of the solution u(” of Problem (2.1) to
the solution u of Problem (1.2).

4.1. Assumptions
We shall start with a definition of the linear interpolation along I'.

Definition 4.1. Let p be an integer and let the partition v = {7, *®) of T be
that given in Definition 2.2. Also, let w be a real function of I' qnd X e T’ (i.e. assume
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that there exists ¢; ,€ ©? such that X € t; ,; see Fig. 3). Then the value (LPw) (X}

of the function I{Pw at the point X is defined as follows:
(LPw) (x) = (tw(N;,) + (meas 1, , — 1) w(N;_, ,)) (meas 7, ,)7*,
where {N, )} is given in Definition 2.2, and t is the Lebesgue measure of the

—
arCNi_]‘p.XI.C.fEJ‘ do ;
(Ni-1,p,X)

see Fig. 3.

Fig. 3.

Remark 4.1. It can be shown that
IP(LPw) = j (LPw) do .
r

We introduce the following assumptions:
(A) For any w e K there exists a sequence {W,},c0,1, such that w, = [w, ., w, ] e K,
wi. e E(Q), wi,eEQ") for i=1,2
and
w,—=> win V for e >0, .

The symbol E(G) denotes the space of all infinitely differentiable functions on a do-

main G which can be continuously extended to the closure G of G.

(A) If we V, w = [w,, w,y], wie E(Q), wie E(Q") for i = 1,2 then there exists
a sequence {w'”}°_; such that w® ¢ ¥®, w» — w in V for p - + o0,
[w®], = [w], on N foreach p.

(A2) Let {w”} be a sequence of w® ¢ p'(». Then there exists a constant C such that
”[w(p)]v — L(p)[w(p)]v”h(r) < Cp—l/znw(p)”

for each integer p.
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Remark 4.2. The meaning of the assumptions made in this chapter will be discus-
sed in detail in Chapters 5 and 6. Assumption (A) will be justified under certain
conditions concerning smoothness of both boundaries ¢Q" and 0Q" (see Chapter 5).
Assumptions (Al) and (A2) will be justified provided that the asymptotic behaviour
(as p - + o) of the partitions Q) has the usual characteristics. In assumption (A2)
the parameter p~' plays the role of the asymptotic “mesh” size estimate.

4.2. Convergence of displacements

We consider a sequence {u'” .}, where u'” solves Problem (2.1) for a given in-
teger p.

Let T, and T, be the splitting operators from Definition 1.4. (Recall the role of
I'® < I in the definition of T5.)

Lemma 4.1. If I'y < I' is chosen in such a way that either q, > 0 or q, <0
then there exists a constant C such that either

(Tou®); < Cp™ V2| Tyu®|
or
—-(Tzu(")); < Cp-I/ZH Tlu(p)”
for any integer p.
Proof. Consider the case g, > 0 (the proof for the case g, < 0 is the same). Since
[uP], £0 on N, it is I”[u™], < 0 on I' (linear interpolation of nonpositive
values on N'?), je.

qof L(”)[u("’)]v do 0.
r

0
Hence

(Tzu(p))'zf < qof [u(p)]v do — qof L(p)[u(p)]v do <
I'o

Io
< go(meas Io)' [[u®], = L2[u™], |1, -
In accordance with the assumption (A2) we can estimate
(T2u<”))g < Cop*”ZHu("’” .
However, it is evidently
[uP] = C,(|Tu?] + |Tu®]) = Cu(|T,u”| + C,[(T,u)3]) .
Hence, combining the two inequalities, we easily derive that

. (Tlu(p!); [1 — C4p71/2 . sgn (Tzu(”));] < Clp—l/z ” Tlu(p)“ ,
1.€.
(Tu?); < Cp~ 2| T .
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Lemma 4.2. If |[u®”| - +o0 then J(u®) —» + o0 for p » +oo.

Proof. First we realise that

2
JuP) = AT, T,u®) - .f Fr . (Tyu), dx, ds, -
i Q

i=1
2

- J P, (T\u"),do — f Fy (T,u™); dx, dx, .
r, Q"

i=1
According to Lemma 1.2, we estimate

@) I = T - | T — (T j

FIZ, Xm dxz .
o

We assume that

J F5dx,dx, >0
o

(the case “<” can be investigated in the same way; the case “="" is excluded, see
(2.2)). In the definition of T;, T, we choose I'y such that g, > 0; see Definition 1.4.
Hence, according to (4.1) and Lemma 4.1, we can estimate

(4.2) Ju?) z C[Tu®|? = G| Tu®| - C,p~* 2| T .

If |[u”| - + oo then either

(i) [T u®] - + o

or

(ii) |Tu®|| - + oo and the sequence {||T,u|};> is bounded.

In the case (i) we have J(u”) > +co immediately as a consequence of (4.2). In the
case (i) we easily derive that |(T,u”);| » + co. Taking into account Lemma 4.1
(with g, > 0), we conclude that

(T,u™); | Fidx;dx, > —oo.
o

Hence, in accordance with (4.1), we obtain J(u'”) » + oo.

Theorem 4.1. The sequence {u} is bounded in the space V.
Proof is easy consequence of Lemma 4.2 and the fact that J(u<ﬂ)) < 0 for any

integer p (see (2.1) for w = 0).

Theorem 4.2. There exists u € V and a subsequence {u'”} .py, where M < {1,2, ...},
such that
u® —u  (weakly) in V

[uP], > [u], in Ly(I) VpeM,p— +ov.
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Proof. With respect to Theorem 4.1, the sequence {u™}*_, is compact in the
weak topology of the space V. Hence, the first assertion of Theorem 4.2 holds im-
mediately. Moreover,

[u®], » [u], (weakly)in Ly(I).

It is well known (e.g. [6], Theorem 6.2, page 107) that the restriction of the spaces
W'2(Q') and W'-*(Q") into L,(I') is compact. Hence, the convergence assertion above
is also valid in the strong sense.

Lemma 4.3. If {u'”} .\, and u are respectively the subsequence and the function
of V from Theorem 4.2, then

J(u) < J(w) VweK.
Proof. Let w be an element of K. With respect to the assumptions (A) and (A1),
there exist sequences {w,},cc0.1,, {W”}5=1 (Ve € (0, 1)) such that
w,eK, (w)ieE(Q), (w)ieEQ"), i=12
wPeV®  [wP], <0 on N®
lim w,=win V

-0,
lim w® = w, in V.
P+
As u® solves Problem (2.1), we have
Ju®) £ JwP) Vee(0,1), Vinteger p.

The functional J(-) is Fréchet-differentiable and convex; hence it is weakly lower
semi-continuous, which means:

If u®” — u (weakly) in V then
lim inf J(u®) > J(u).
p—+ oo
The weak convergence of {u”},, is guaranteed by Theorem 4.2. Using both ine-
qualities above, we can derive

(4.3) J(u) < lim inf J(u?) < lim sup J(u®?) < J(w) VweK.
Ppem” P pent”

Lemma 4.4. If {u"} ., and u are respectively the subsequence and the function
from Theorem 4.2, then
uek.

Proof. Since u is a solution to Problem (2.1), it is [u®], <0 on N, i.e.
L(")[u(”)]v < 0 on I'. Using Theorems 4.2 and 4.1 and assumption (A2), we easily

prove that
IP[u®], > [u], in LyI).
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It means that LP[u(”], converges to [u], a.e. on I' and this implies that [u], < 0
a.e.onl.

Theorem 4.3. The whole sequence {u(l’)};‘;l converges to u in 'V, i.e.
u? > uinV for p—> +oo.

Proof. We now show that the whole sequence {u"}_, weakly converges. Let us
suppose the contrary:

According to Theorem 4.1 it means that there exist two subsequences {u®} .y,
{u®} . such that

u” >ueV for peM,p—> +w

u” >u'eV for peM p> +w
and
u+u.

Lemmas 4.3 and 4.4 imply that both functions u and u’ are solutions to Problem (1.2).
This contradicts Theorem 1.1.

Hence, as a consequence of Theorem 4.2, there exists u € V such that
(4.4) u® -y (weakly) in V
[u®] - [u], in Ly(I).

We now proceed to the proof of strong convergence of the sequence {u'”}>_;. Sub-
stituting w = u into (4.3), we derive that

4.5) Ju®) > J(u) for p— +oo.
We recall the following identity:
J) — Ju?) = Al — u?,u) — JA@wu — uP, u — u?) -

—JF.(u — uP)dx, dx, —J P.(u—u®)do.
2 r

Hence, taking into account the weak convergence (4.4) and the assertion (4.5), we
prove that
A —u®, u—u?) -0 for p— +o0,
ie.
ATy (u — u®), T,(u —u®) >0 for p—> +o0.

Finally, Lemma 1.2 implies that
(46  CilT — u?)F < AT(u = u?), T, = u)) >0 for p— +oo.
Let us notice that

Ju = w = Co Ty = )| + ColTalu = w1
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The first term on the right-hand side converges to zero with respect to (4.6). The
second also converges to zero as a consequence of (4.4) and the definition of T, (see
Definition 1.4).

4.3. Convergence of reactive forces

Unfortunately we have not been able to establish the convergence of {AP}>_,.
For this reason in this section we only point out the difficulties which we have en-
countered in attempting a proof of convergence. We shall start with the saddle for-
mulation of our main Problem (1.2), i.e. we involve Lagrange multipliers. We set

A= {p;pe W H2(T), p = 0 on I' in the natural functional sense} .

Problem. Find u € Vand 2 € A4 such that

J(u) + Jvr,u[u]v do < J(u) + fr/l[u]v do < J(w) +J p[wl],do Vped, VYweV.

r

It is possible to show that there exists a unique solution to the above problem
using the same technique as we applied to Problem (2.3)—(2.4). Moreover, the func-
tion u solves our main Problem (1.2) and the function A can be interpreted as the
reaction force of the body Q" along I'.

Problem (2.3)—(2.4) is actually a discrete version of the above problem (spaces V
and A are replaced by V® and A”). Hence, it is expected that u” — u and A?® — A
in the corresponding spaces; the symbols u® 1 denote the solution of Problem
(2.3)—(2.4). The former assertion is true; see the previous section 4.2, To prove the
latter, it is necessary (and sufficient) to show that the sequence {u™}>_, is bounded
in some norm connected with the norm of the space W~'/2% (I'). This is the main
difficulty which we have not been able to overcome.

4.4. Convergence of “bolted” displacements

We now consider the meaning of the auxiliary Problem (3.2)—(3,3). The solution
to this problem represents an intermediate step for obtaining the solution of Problem
(2.1); see Conclusion of Chapter 3. In this section we show that the auxiliary problem
also approximates the main Problem (2.1).

Theorem 4.4. Let a point AeT be fixed and let triangulations Q@ such that
AeN® for any integer p (for QP and NP, see Definition 2.1 and 2.2) be given.
If u® and u solve Problem (3.1) and (1.2), then

u® gy inV for p—» +0.
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Remark 4.3. Even if both bodies Q' and Q" are “bolted” at a “wrong” point A
(i-e. if the solution u of the main Problem (1.2) has no contact at this point: [u], < 0
at A), the approximations u'” converge. However, the convergence may be very
poor in the neighbourhood of the “bolt” A. This can, in fact, be deduced from the
proof of Theorem 4.4.

Lemma 4.5. Let a function Z, ,(r, ) be defined as follows for any re [0, + ),
Y € [0, 2n1) and parameters 5 € (0, 1), 0 € (0, 1): If y € [0, 2) and

if re[0,8e 2] then Zy4(r, ) =0,
0 o
if re[5e72% 5] then Zy,(r, ) =1 — Elog -,
-

ifr>0 then Zgs(r, ) = 1.
Then
Z‘,’a -1 in Wl'z(Rz)
Jor 0 -0, and 6 - 0,.

Proof consists in routine calculation only.

Remark 4.4. By virtue of the regularisation technique (see [6], Theorem 2.1,
page 60) one can easily conclude from Lemma 4.5 that there exists a family of func-

tions Zy 5 = Z, 4(r, ), r € [0, +0), ¥ € [0, 27) for parameters 0 € (0, 1), € (0, 1)
such that

28,6 € E(RZ) s
Zy;—1in W'(R,) as 050, , 5-0,,

Zy,5=0 for re[O,ge"m].

N
2
4

I

=1 for r>26.

Lemma 4.6. Let Ae T be given. Then for any we K there exists a sequence
{We}eeo,1) such that w, = [w, ,, w,,.] €K,

wi.€ E(Q), wi.eEQ") for i
w,=0 at A,

1,2,

w, > w for &— 0, in the space V.

Proof. According to assumption (A) there exists a sequence {v,},.,1) satisfying
all demands described above except the condition v, = 0 at 4. Let us transform the
function Z, ; (see Remark 4.4) into a Cartesian coordinate system with the origin
at the point A. Then we can find 0 = 0(¢), 5 = 5(¢) such that |jv, — Zy 0, < e,
see Lemma 4.5. Thus it is sufficient to set w, = Z, ,0,.
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Proof of Theorem 4.4. We can use exactly the same arguments as those in Section
4.2 with the following changes:

(i) replace assumption (A) by the assertion of Lemma 4.6;
(ii) replace Problem (2.1) by Problem (3.1);
(iii) replace the space V' by the space V{".

5. SMOOTH APPROXIMATION OF K

We start with
Definition 5.1. Let I be the symmetric extension of T’ about the x,-axis, i.e.
I'=T U {xeR,;x = (x,,x,) such that (—x,,x,) eI},

see Fig. 4.

Fig. 4.
The purpose of this chapter is the proof of the following.
Theorem 5.1. If I is an infinitely smooth Jordan curve then Assumption (A) from
Chapter 4 is satisfied, i.e.
Yw e K there exists a sequence {W,},.1, such that
(]) w£ = [Wl ,8 wZ.e] € K 5
(i) wi e E(Q), wi, eEQ") for i=1,2,

(iti) w, > w in V for e >0, .

The proof of the theorem will be based on five lemmas. In the following we shall
assume automatically that the assumptions of Theorem 5.1 concerning the smoothness
of I' are satisfied.
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Definition 5.2. Let G be a simply connected domain in R, such that I' = G and
Gn{l'yul,uTls} =0andG is symmetric about the x,-axis. Let &' and Q" be
the symmetric extensions of Q' and Q" about the x,-axis; see Fig. 4.

Lemma 5.1. There exists a linear continucus operator

A WI/Z.Z(I':) - WI,Z(G)

such that

(5.1) Zyr =y on I' in the trace sense ;

(5.2) if e W"*(F) then supp Zy =G ;

(5.3) moreover, if y < 0 a.e. on I' then Zy < 0 a.e. on G ;
(5.4) if ye W 122(F) then Zy e W*(G n Q) 0 W*(G n Q")

for any integer k.

Proof. For the proof see [6], Theorem 5.7, page 103, The quoted proof does not
assert (5.3) explicitly. One can check very easily that the operator Z constructed in [6]
satisfies the condition (5.3).

Remark 5.1. As a consequence of (5.4) we obtain the following results: If  is
infinitely differentiable on I" then

(Zy) e E(@), (Z4) e E(Q")
and
supp Zy < G .

Definition 5.3. We define the odd and even parts of the operator Z (see Lemma 5.1)
as follows: If y € W'**(I') and (x,, x,) € G then

(e) =
A l//lx=(x1,xz) = 72¢lx=(x1,xz) + %Zw|x=(—xhxz)
and

0 —
Z( )lplx:(x.,xz) = %le/lxI(xl.xz) - _ZLlelx=(”X1,xz) .

Lemma 5.2. The operators Z) and 7 are linear continuous operators mapping
W22 into W'(G). If Y and y© belong to W2:2(F) and

lﬂ((;’()cl’ x2) = l//(c)(—xla xz) 5

- '1[/(0)()‘1’ xz) — _l‘[/(e)(_xl, xz)
Jor (xy, x,) eI, then

(5.5) supp ZY' = G, supp Z%? < G,

(5.6.) ZOY© = ZOy® = y© on [ in the trace sense,
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(5.7) if @ =< 0a.e.onl then Z@y© < 0g.e.onG,

(5.8) if Y@ and Y are infinitely differentiable on I' then
ZOy e E(Q’) I8 E(.Q")
and
ZOy® e E(Q’) I8} E(_Q”) R

(5.9) Z(e)‘//(c)l x=(x1,%2) = Z(e)l//(e) x=(—x1,%2) >

Z(O)'//(O)l x=(xy,%2) = Z(0)¢(0)| x=(—Xx1,X2) fOV (xl’ xz) €G.
Proof follows immediately from Lemma 5.1 and Definition 5.3.

Remark 5.2. Let us keep the notation of Lemma 5.2. In the following we shall
assume that the functions Z2%© and Z©y(© are extended by zero outside G. Then,
with respect to (5.5), we can state that Z©y® and Z©}(© belong to W!3(R,).

Definition 5.4. If w = [w,, w,] € V then w = [W,, W,)] is the vector function on
Q' U Q" defined by

Wi(x1 X2) = (= 1) W=y, x,)
for x = (x;,x,)e @ v Q" i=1,2and

wi(xl’ xz) = Wi(xn xz)

~ 11

Jor x = (x;,x,)e Q@ v Q" i =1,2. Symbols W; and W}
Ww;on Q and Q" fori =1, 2.

denote the restrictions of

Moreover, if v = (v,,v,) is the outward normal vector on I with respect to &'
then we set

~ -~ ~

Wy = Wiy, + Way,,
~r o~ ~

W, = WiV, — Wyvy,
W, = Wiv, + Wiy, ,
o o

W = Wiv, — Wyv,

on I in the trace sense.

Remark 5.3. It is easy to verify that w; € W'?(3') n W'?(@"). As a consequence
of the theorem concerning traces (see [6], Theorem 5.5, page 99) we have Ww;, W €
e W'22([") and hence W,, W,, W,, W, € W'/»2(I'); remember that v,, v, are infinitely
smooth on I

Definition 5.5. For w € V we set (see Remark 5.2)

v = Z(o)vl . Z(E)W/", + Z(e)v2 . Z(O)W;}

n &
vy = ZOy, . ZOW, — ZOy, 2Oy
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and
vf = ZOy, . ZOW 4 2@y, . ZOW] on &
vy = ZOy,  ZOw — 7Oy, ZOW,

where W, and W, are given by Definition 5.4.

Lemma 5.3. If w e V and the functions W, v are given by Definitions 5.4, 5.5 then

(5.10) wW—veV,

(5.11) W—0v=w on .Q\G,

(512) (Wi - Ui)Ix:(Xl,Xz) = (—"l)l . (Wi - Ui)|)‘:(‘xl.xz)
V(x.x)e@u@, i=12,

(5.13) W, —veW2(Q), i=1,2.

Proof. It can be verified that the functions v,, w,, W, and the functions v,, w,, W,
satisfy the assumptions of Lemma 5.2 concerning the functions ¥ and y‘?, re-
spectively. The assertions (5.12) and (5.11) are then consequences of (5.9) and (5.5).

From (5.6) and (5.12) it follows that

(5.14) W —v; =0,

on I in the trace sense for i = 1,2 and
(5.15) wi—vy =0 on I;,

wi—0vi=0 on I,

in the trace sense. Remember again that v,, v, are infinitely smooth and hence the
assumptions of (5.8) are satisfied. Then (5.13) and (5.10) follow from (5.14) and
(5.15), (5.11).

Definition 5.6. If s € L, 1o.(R,) and supp ¥ is compact in R, then

1 x — p|?
o b =) = f e Mg,
e k==
(25
Ve > 0, Vx € R,, where
2
K= j exp i —- dx
e<t | > -
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Remark 5.4.1f yy e W"*(G), supp ¢ = G then w, * € E(G) and supp (w, * §/) =
< G for ¢ > 0 sufficiently small. From [8], Theorem 2.1, page 60 it follows that

(@, * ) = ¥|wi@ =0 for &-0,.

Moreover, if ¥(x,, x;) = ¢(—x,, x;) or Y(x,, x,) = —y(—x,, x,), respectively,
then
@, * l/’lxz(xl,xz) = wc * lMx=(-—x|,xz)
or
@, * l//|x=(x,,x2) = —Q, * l//|.>C=(‘J€1,J‘:z)

for (x, x,) € G.

Definition 5.7. If we V and the functions W, v are given by Definitions 5.4, 5.5
then we set

Ve = [UI,E’ l72,£]
for any & > 0, where (see Remark 5.2)
Ve = 2O (0, % ZOW) + ZO, . (0,5 ZOW),
vy =2, (0, x ZOW) — ZO, . (0, x ZOW,;)
on (' and
), = ZOv, (@, * ZOW) + ZO, . (o, * Z(O)W;’) ,
vy, = Z, (0, * ZOW) — ZOv, . (w, » ZOW)

on Q"

Lemma 5.4. If we V and the functions W, v, v, are given by Definitions 5.4, 5.5,
5.7 then the following assertions hold for any ¢ > 0 sufficiently small:

(5.16) vi. e E(Q), vi,eE(Q), i=12,
(5.17) suppv;, =G, i=1,2,

(5.18) v eV,

(5.19) [0], = , * ZO[W], ae onl,
(5.20) [o—v] >0 for e—>0,.

Proof. The assertions (5.16)—(5.18), (5.20) are easy consequences of Lemma 5.2
and Remark 5.4. It is sufficient only to realise that the functions v,, W,, W, are even
and v,, w,, W, are odd on I' with respect to the x,-axis. Moreover, v, and v, are
infinitely differentiable.

The assertion (5.19) follows by direct computation.
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Lemma 5.5. If we V and the function v is given via Definition 5.5, then we set
z =w — v. For any ¢ > 0 there exists z, = [z, ,, 2, ,] € V such that

z;,€EQ), i=12
and -

|z = z| =0 for e—0,.
Proof. According to Lemma 5.3, the functions z,, z, have the following properties:
z,,z,€e WH3(Q),
z,=2z,=0 ae onl,,
z, =0 ae. onl;uTl,.

Finally, we recall the assumption from Chapter 1 that the boundary 0Q of Q
is Lipschitz continuous. Hence we can use the standard regularisation techniques
for the proof — see [8], Theorem 2.1, page 60.

Proof of Theorem 5.1. If w € K then we set
w, = z, -l~'va Ve >0,

where z, and v, are given by Lemma 5.5 and Definition 5.7.
The assertions (ii), (iii) of Theorem 5.1 and

(5.21) w,eV Ve>0,
follow easily from Lemma 5.4 and 5.5. Hence it remains to show that
(5.22) [w.], <0 ae.onI" Ve>0.

Then the assertion (i) follows from (5.21) and (5.22).

As z;,€ E(Q), see Lemma 5.5, we have [w,], = [v,],- With respect to (5.19) we
obtain that

[WE]V = W, * Z(e)[w]v a.c. on f .
We can easily verify that [#], is an even function on I* (with respect to the x,-axis).

Moreover, the function [W], equals [w], on I' and hence [W], < 0 on I'. As a con-
sequence of (5.7) and Remark 5.2 we obtain that

ZO[w], <0 ae onR,.
Finally, according to Definition 5.6 we can show that

w,* ZO[W], £0 onR, (and the more on I').
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6. APPROXIMATION PROPERTIES OF THE SPACES V(P)

The following Definitions 6.1 —6.3 are introduced in order to facilitate the descrip-
tion of triangulation Q@ see Definition 2.1.

Definition 6.1. If two vertices of a (curved) triangle Q; ,€ Q™ lie on I then
Q; , is called a contact element. If two vertices of a (curved) triangle Q; , e QP
lieonI'y Iy U I'sthen Q; ,is called a boundary element; see Fig. 5.

Fig. 5. 1—5 boundary elements, 6—11 contact elements.

Convention. (Numbering of vertices.) If Q; , € Q is either a contact element
or a boundary element, then we denote its vertices by 4,, 4,, A5 so that 4, and 4,
are the two vertices which lie either on I or on I') U I', U I's; see Fig. 6.

/ o\
\

[or Mululs

Fig. 6 (for y = }).
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Definition 6.2. Let Q; , € QP be either a contact element or a boundary element
with vertices A,, A,, A;. Let A, be the point symmetric to Ay about the mid-point
of the segment A, A,. Let A} and A} be two points on the sides A, A; and A,A;,
respectively, satisfying dist (A}, A;) = y dist (4,, A;) and dist (43, A;) =
= y dist (43, A;) where y is a fixed constant, 0 < y < 1. Then
w; , is the parallelogram with vertices A,, A;, A,, Ay,
T; , is the triangle with vertices A, A,, A5,
T/, is the triangle with vertices Ay, A5, A; .

(See Fig. 6.)

Definition 6.3. Let Q; ,€ Q" and set

T;,
Q

It

Tiff Q; , is either a contact element or a boundary element ,

ip = 7 otherwise .

Then we define
6;, = perimeter of T,

i, = diameter of the inscribed circle of T .

Asymptotic properties of Q® as p — + oo, can now be formulated as follows:

Definition 6.4. A family of triangulations QP, p = 1,2, ... is called a regular
family provided that:

(i) There exist constants ¢, ¢, sucht that

-1
ai,p § Clp B

Qi—,pl = cp
for any positive integer p and for any i = 1, ..., K(p).
(i) If Q;,€ QP and Q, , is a boundary or a contact element, then

T B < Q.

i,p i,p> Qi,l-? <o

ip
and

0%; , is star-shaped with respect to any inner point

xeT;,. ¥

(iii) If Q;,€ Q™ is a contact element with vertices A,, A,, A; then any straight
line parallel either to A\A; or to A,A; has only one common point with the
curved side A, A,, see Fig. 7.

*) This means that any ray with the origin at x has one and only one common point with
%, ..
P
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Now we give definitions required for the description of the technique of mapping
Q; , onto a fixed “reference” domain.

Fig. 7.

Definition 6.5. Denote by T the “reference” triangle with vertices A; = (0, 0),
A, =(1,0), 4, = (0, 1) and let Q; , € QP be an element with vertices A, A,, A;.
Then F; , denotes the affine mapping F; ,: R, —» R, such that

F; (A) = 4, for k=1,2,3.

Definition 6.6. Denote by R, T' and P, respectively, the reference square with
vertices Ay, A,, Ay, A, = (1, 1), the reference triangle T’ with vertices A} = (0,7v),
A = (y,0), A, and the reference polygon P with vertices A, A,, 4,, As = (y[2,
7/2); the constant y is defined in Definition 6.2.

Definition 6.7. The range of F; ! is defined as follows

Lp
Q;, = {2 e Ry; there exists x € Q, , such that x = F; %} ;

see Fig. 8.
If Y is a function on Q; , then J=yo F; , is a function on Qi,p.

Remark 6.1. If F; , is the operator introduced in Definition 6.5 then there exists
a “2 x 2” matrix B; , and a vector b; , € R, such that

F,,x=B;,x+b;,

for any x € R,.
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If we denote by ||y, the usual semi-norm on the Sobolev space W**(Q; )
then we can prove, using a classical argument (see e.g. [1]), that

oo, < |det B[ [Biy [, Wlweaan,)
(convention: W2 = L,) and

[Pl = [det Boo| ™12 | Bi g, [Wlwesda

for any integer k, where

60;
IB:,lw. = 7”

2
2+ 42

i.p

I1Bis IR, =
|det Bi’pl < 20},

- 1
|det B 5| < o 0in

Vinteger p, Vi = 1, ..., K(p), Yy e W-2(Q, )

Lp
A, A
AN
-t Q]
A1 e
AN
A A 4,

Fig. 8 (for y = }).

Lemma 6.1. If a family QW s yegular then there exist constants C,, C, such that

(6'1) “l//“wm(g(,,,) < Clul/A/”Wm(ﬁ,_,,)
and
(6:2) ”‘MIL:(&.» < G|, »

H‘/;”Wl,uﬁ,,,) = Czl‘ﬁ'w!-l(n,,,,) >
lli’lwhl(?z(,,,) = Czpnlll/"vvz-z(m,p)
Y integer p, Vi = 1, ..., K(p), Ve W2A(Q, ).
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Proof. The proof follows directly from Remark 6.1 and Definition 6.4.

Lemma 6.2..If G,, G, are simply connected domains, G, = G, and k is an integer,
then there exists a constant C, such that

(63) inf u + xwroe) = CO]“‘W’“Z(GV

x€Pk~1

where P,_, denotes the space of all polynomials of a degree less or equaltok — s,
Yue W**(G), VG : G, = G = G,, G is star-shaped with respect to G, (i.e. if
X € G, then any ray with the origin at % intersects 0G at one and only one point).

Proof. See Appendix.

Theorem 6.1. If a family Q7 is regular (see Definition 6.4) then the assumption
(A1) from Chapter 4 is satisfied.

Proof. If we V. w = [w,, w,], w; € E(Q'), w} e E(Q") then we define w'® e V»
so that

Py — '
(") _Wf’} for j=1,2

() = W,

at any nodal point Q, i.e. w'” interpolates w. As [w”], = [w], on N7, it remains
to show that w” — w in V. We use a classical argument and give a sketch of the
proof only. ‘

We shall investigate the norms

f[w; — Wg'p)l‘WI-Z(m,,»
forj=1,2and i = 1, ..., K(p) and an integer p. In accordance with (6.1) it is
(6:4) [w; = wPlwia@un = Cilo; = 9wz, -

First we deal with the most difficult case that Q; , is either a boundary element or
a contact one. From Definitions 6.4 — 6.7 we can easily derive that 6Q; , is star-shaped
with respect to any inner point x € T” so that

PchypcR.

Since w{ is linear over Q,

i.p» there exist constants C;, Cy (independent of i, p, )
such that

[0l wr2@,p = Co| W wiamy £ Cal ¥ leep -

By means of the continuous embedding W?*?(P) into C(P) we can verify that there
exists a constant Cs (independent of i, p, w) such that

(6.5) 1 Wi S Cs| @il waaey £ Csljllwana,,y -
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As a consequence of (6.4) and (6.5) there exists a constant Cg (independent of i, p, w)
such that

(6.6) ) ”Wj - “’5’””»"»2(9.«,.» = C()“Wj“yyz,z(ﬁhp).

Because wS.”’ is the piecewise linear interpolant of w;, it could be easily shown that

if w; is linear on Q; , then w'” = w; on Q, ,.
This means that (6.6) can be replaced by
(6.7) w; = Wi lwian, = Col i + tlwar@n,

for any y e P,.
Now, we use Lemma 6.2 with G, = R and G, a fixed ball inside T'. Then (6.7)
implies

(6.8) w; = WPl £ CoColWilwang,,y -
Finally, using (6.2) we derive from (6.8) that
(69) ”Wj —_ W‘(,-p)”WLz(Qi_P) § CGCOCZp_IIWJ-le,z(QLP) .

In the case that Q; , is neither a contact nor a boundary element, we can reach the
same result (6.9). The proof is similar to the previous case and hence we omit it.

As a direct consequence of (6.9) we have

2
[w = w?] < CoCzCél’_l(j;(lw}ﬁvmm') + [wilwaen) 2

[w—w?| >0 for p—> +oo.
We proceed with the verification of assumption (42) from Chapter 4 and start with
Definition 6.8. Let {t; ,}i7) = t” be the partition introduced in Definition 2.2.

For any t; ,et? there exist unique boundary elements K' e Q” and K" e QW
such that

K' = Q and K'c Q"
Knl=K'nl=1,,.
For this K' (or K") we set

Tip = {)? € R, ; there exists x € K’ (or K") such that x = FX, where F is the affine
mapping which corresponds to K' (or K") via Definition 6.5}.
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If { is a function on t; , then Y = Y o Fis a function on %, ,, where F is the affine
mapping which corresponds to K’ (or K”) via Definition 6.5.

Lemma 6.3. If a family Q™ is regular then there exists a constant C; such that

W] acim S Cop™ 2V e
Y integer p, Vi = 1, ..., k(p), V1, € t?, V{ € Ly(1; ,)-

Proof. Let K” be the contact element corresponding to a given t; , via Definition
6.8. We denote by A, 4,, A, the vertices of K”; in accordance with the convention
itis A,eTl’, A,eTI, A;e Q". For any straight line p parallel to 4,4; we denote by
X, Y, and Y respectively the intersection of p with I', the straight line 4,4, and the
side A,A4;; see Fig. 9.

A, r
Q//
X[ Y \
P
w
A, Al
Fig. 9.

We set e = dist (4, 43), d = dist (4,, A3), a = dist (4,, 4,). If dist (Y, 4;) =
= «.d for a parameter o, 0 < o < 1, then dist (Y; . Y) = (1 — ). e. Further we set

B = (dist (X, Y,)) . (dist (¥,, Y))"*.
We can consider the value f as a function of the parameter a, i.e. f = ﬁ(oc). Using

the assumption concerning the smoothness of I' and the assumption (ii) from Defini-
tion 6.4, it can be shown that f = B(«) is infinitely differentiable on [0, 1], i..

Be ([0, 1]).

It is apparent that the coordinates of the point X = (x,, x,) can beunderstood as
a function of a, i.e.
X = (x(), %)

Making the relevant substitution, we can show that

(610) Wl = [ 140 5 (1 = 2ABE) (1 =) B Seosor 4
(=) - HPS) s
/2

<2 f :]lp(xl(a), x(@)|? (1 + () (1= o) — p)? Zé)’ aa,

130



where w is the angle between the lines 4,4, and A4, 4;; see Fig. 9. We can check that

ifX=F'X, Y,=F"'Y, Y=Fly,
then f(x) = (dist (X, ¥,)) (dist (¥,, ¥))*.

Using the fact above we can derive that
(611)  [V]ie = \/2£Il/f(xl(a)’ x ()P (1= B@) (1= o) + Bla) +
+ (P (1 = 2) = B 1) do =
= [ @ 1+ (= FE gy s

Since
Tip
Qi,p

QI
IA
lIA

WS

2

and

L 23V (4 (1 = qp) v

+q ;;=max ' (14 (1 =9)*) Vge(—o0, ),
we obtain from (6.10) and (6.11) the estimate

2
(6.12) [W0escny = 2],y max <2, 3 —) ,

C2

where the constant a can be estimated as follows:
(6.13) a < meas(t;,) < c,pt.

The estimates (6.12), (6.13) give the assertion of Lemma 6.3 immediately.

Lemma 6.4. If a family Q) is regular then there exists a constant Cg such that

(6.14) Iwiv; = LWy )| oy £ CalWillwi2@np™ "7
and
(6.15) ’w}vj - I_‘(”)(w;fvj)“hm =< C8Hw;nwx,z(9~)p_l/2 ,

where L'P is defined in Definition 4.1,V integer p, Yw = [w,, w,] € VP, Vj = 1, 2.

Proof. We verify (6.14) only; the estimate (6.15) can be proved in the same way.
Making use of the triangle inequality, we obtain (dropping the index)

(6.16) lwy = LPw)| Ly < (W = LPW) V]| +
+ [(LPw) (L) = LWLy + [(EPW) (v = E79)| -
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We successively estimate all three terms on the right hand side of (6.16). To this
purpose we choose an arbitrary t; , € 7" and denote by K’ the relevant element from
Q" via Definition 6.8.

(a) Lemma 6.3 yields
2 D
H(W/ - L‘p)W/) vHLz(ri.p) = C7[)—1/ “(WI - L(")W/) 9le(?-‘,p) .

Apparently, there exists a constant Cy (independent of p, i, w) such that
(6.17) Pl cin < Co.

Hence

R T < ol [ <2 . iz
”(W L W) HLl(fi,p) = C9| w LPw HLz(fl,p) = 2C9“W ”cm,,,) (meas Ti,p) .

We remark that Definition 6.4 (assumption (iii)) implies
meast; , < 2.

As the space of linear functions is finite-dimensional, there exists a constant Cy,
(independent of p, i, w) such that

1% et S W ey £ Cro| W [wiaary £ Cro W [wiaer -
The estimates above yield
(6.18) [ = L) V| Ly £ Coip™ 20 [ wragry s

where C;; = 4C,C3C,C .
We can easily check that if ' is constant on K’ then w’ is constant on 7; , and hence
w = IPw on 7; - This fact implies that (6.18) can be replaced by

(6.19) (0w = LPW) V] 1yery S Coa[W + xflwraenp™ '
for any constant y. According to Lemmas 6.2 and 6.1, we can estimate

(6.20) inf HW + Xllwl.Z(’(') é COCZIW/‘Wl'Z(K') 5

X =const.

we remark again (see proof of Theorem 1) that K’ is star-shaped with respect to any
inner point x € T” and that " < K’ < R.

Hence (6.19) and (6.20) yield
[0 = LPW) V] Laeiry = Crzp™ W wrairy »
where C,, = C;,C,C,, and finally
(6:21) [6v = LPW) vy S Coap™ W |z -
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(b) By means similar to those used in the proof of (6.18) we can show that
62)  EW) W) = B0 W = oot P s

where the constant C,; does not depend on p, i, w. If W' is constant on K’ then w’
is constant on 7, , and hence (L”'w’) (L”v) — LP(w' . v) = 0. It means that we can
replace the estimate (6.22) by

(6.23) N(L(”)w’) (L7v) — IP(w' . V)“Lz(r.-,p) < C,3p"'/2]

Wt gl
for any y = constant. Making use of Lemmas 6.1 and 6.2, we estimate

I(LPw) (LPv) = LW ) sy S Crap” W wizy s

ie.

(6.24) I(LPw) (LPv) = LW V)| sy £ Crap™ W wiaar) -
(c) Tt holds

(6.25) ||(L(”)W') (v - L(p)")”Lz(r) < £, |[" - L(p)"”Lm(r) .

Since we assume that I" is infinitely differentiable, we can easily check that
(6.26) v = L2 0y = Cisp™

where the constant C,s is independent of p. We remark that I{”y is the piecewise
linear interpolation of v with respect to a variable which is a parameter of the variety
I'. As v and T are smooth enough, the result (6.26) is the same as that in the one-

dimensional case.
Lemmas 6.3 and 6.1 yield

N
(627) ”Ll(p)W'“LZ(fi,ll) é C7P—1/2lll‘(p)w,||L2(?i.p) §

= CoCrep™ W iz = CoCrep™ V20 [wrairy S C1C16Cop" 2 [W |wiairy »

where the constant C,, does not depend on p, i, w.
Setting C,, = C,C,C,5C,¢ we derive from (6.25)—(6.27) that

(6.28) I(EPw) (v = LEP9) | yry £ Coap ™ 2w wiaer, -
(d) The assertion (6.14) follows from (6.21), (6.24) and (6.28)
Theorem 6.2. If a family QP is regular (see Definition 6.4) then the assumption
(A2) from Chapter 4 is satisfied.
Proof. If we V® then it holds
(629)  [w] — 19[w], = (Wi, — LP(wir,)) + (whvs — EPwiva)) —
— (v = L)) = (Wi, = LP(wgs)
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Using Lemma 6.4, we derive from (6.29) that the following estimate holds:

(6.30) Iw]s = L2y = Cop™ 2w

V integer p, Yw e V. It means that the assumption (A2) is satisfied.

APPENDIX

The aim of this section is the proof of Bramble-Hilbert lemma under the assump-
tion that the domain of independent variables can be varied in a certain sense (see
Lemma A.3). Throughout this appendix we assume G,, G, to be bounded simply
connected subdomains of the plane such that G, = G,; the restriction on R, is made
just for the sake of simplicity. Let P be a fixed point of G,. We introduce a family It
of subdomains G as follows:

M = {G is a subdomain in R,; G, = G = G,, G has Lipschitz continuous bound-
ary 0G, 3G is star-shaped with respect to the point P}.

To characterize the family 9, we fix two balls B, and B, centered at P, B, <
c G, = G, = B,; let R, and R, be the radii of B, and B,. We set k = R|/R,.

Jre)

Proof. For a given G € M the class C'(G) is dense in W'-*(G). Thus it is sufficient
to verify (A.1) assuming u € C'(G) instead of u € W"*(G).

We introduce a polar coordinate system [r, ¢ centered at P. For any domain G
there exists a Lipschitz continuous function r = r(¢) such that [r, ¢] € 0G iff r =
=r(p)and 0 < ¢ < 2n. If x = [r}, ¢,] and y = [r,, ¢,] belong to G then u(x) —
— u(y) = oy + o, + a3, where

Lemma A.1. There exists a constant C such that

(A1) [u] e = € <!“|W'-2(G> +

for each Ge M, ue W"(G).

ay = o,(r, @) = u(ry, @) — u(kry, @),
o, = az(r,, @ (pz) = u(krl, q),) — u(krl, (pz),
ay = ay(ry, ra, @,) = u(kry, @,) — u(ry, @,).
Let us note that [r, ¢] € G implies [kr, @] € B,. Assuming u € C'(G), we can write

ri 6 (3] a
o, =J ;E(r,(p,)dr; oc2=j i(kr,,(p)dqp;
ar 0

kry @2 ©»

r2 )
2y = j X, gz) dr
or

kry
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and using the Holder inequality we estimate

rriel) 2
(A.2) < |log r a—u("sq’x)l dr,
Jo r
2n
0
al < ZRJ Lli(krl,(p do,
0
rrie2) 2
a3 < |log = r @«(r ¢,)| dr.
Jo or
Since

|u(x) = u)* = [uG)* + [ = 2u(x) u(y) =
= 3(‘11 + o5 + “3)

we obtain by double integration over G that
2
2(meas G) |ul|f ) — 2 (j u(x) dx> <
G
2rn A2r ~r(er) rr(e2)
§3J j J\ j riry(ef + oF + o3)dr,dr; do,, de, .
0

0 [ 0

Using the bounds (A.2) one can easily conclude that there exists a constant C,
(independent of u and G) such that the right hand side of the above inequality can be

bounded by
r(@)
af, LT CR )

which is equal to Cz‘ulsyl.z((;) in Cartesian coordinates. We immediately get (A.1)
with C,; = (meas G,)"/> max (1, (27'C,)""?).

(3u

au
Or 0(,0

r

Lemma A.2. There exists a constant Cy satisfying

(A.3) inf fu + cfwin = Calulwiiae

c=const.

for each Ge M, ue W"*(G).

Proof. The inequality (A.3) follows directly from (A.1).

Lemma A.3. For any integer k there exists a constant K, such that

(A4) inf llu + XHwk,z(c;) = Kkl“'W""(G)

XePr -1

for each G e M, u e W*2(G); P, denotes the set of all polynomials of the n-th degree.
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Proof. According to Lemma A.2 the inequality (A.4) holds for k = 1. Assume
(A.4) to be valid for a given integer k = n — 1. Note that y,_, € P,_, iff

— @y o
n=1 = Xn—-2 T Z a,xy'x3",

laf=n—1

where «; is an integer, |a| = a, + o, and a, are constants.
First we realize that

inf [lu + x|wnae) = (inf Ju + x|hn-120) + lu wnagy) '
X€Pn -1 X€Pn -1
and estimate
inf |u + x|in-1206) S inf inf  ||u + Z a e O T
x€Pn—-1 g}zl =n-1 X0€Ppn-2
<K, inf |u + Y aazx“{‘x‘zZ Wn-1.2(G) »
{82} |l =n~1 laj=n—1

where the last inequality follows from the induction assumption. According to
Lemma A.2 we further estimate

inf Ju+ Y axxF|he-r0) <
{4a} jal=n-1 laj=n—1
< Y inf | D*u + al|i,) £ KT Y |D°’u|ﬁ,l,z(c) < Kf[u|fy.,,z(c) .
a=n—1 a,=const. Jaj=n—1

Thus we finally conclude that

inf Ju + x|wnie = (1 + KIKZ- )2 [u|yn)
X€Pn -1

which completes the n-th induction step with K, = (1 + K{K,_,)"/* obviously K,
is independent of the choice of u and G.
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