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I. INTRODUCTION

Several results extending the author’s work [7] are given in this paper. In particu-
lar, these results contribute to a better numerical employment of the ideas presented
in [7]. For the sake of simplicity we will confine ourselves to the one-dimensional
case as well as we did in [7].

Let w be an infinitely smooth rapidly decreasing fuaction and A its Fourier trans-
form. In [7], the approximation of the form

(1.1) k:i, Ckw((x/h — k) 11(11))

is studied where n(h) is a certain increasing function (so-called A-admissible function),
17(0) = 0. This approximation is shown to be universal, i.c., for any approximated
function f we obtain the best possible order of approximation limited only by the
smoothness of f. Analogously to the hill functions of Babuska [1] the function w
is called the universal hill function.

Babuska [ 1], and Fix and Strang [4], [9] consider the approximation of the form

o0

(1.2) Y co(x/h — k)

k=— o0
and show that it is necessary for the Fourier transform of the hill function @ to have
zeros at the points 2znj for all non-zero integers j. The multiplicity of these zeros
determines the highest order of approximaiion attainable.
In the universal approximation of the form (1.1), no zeros of the Fourier transform

A of the universal hill function w are required in general. The quality of the approxim-
ation is achieved only by the employment of the A-admissible function n(h). However,

403



practical computations show that if A has zeros at some of the points 2nj/n(h) (which
correspond here to the points 27mj considered in the approximation of the form
(1.2)) then the error of the result may decrease. We will be concerned with this pheno-
menon in the paper.

Unfortunately, the dependence of A (as well as of w) on # is more complex in this
case. We have to work with a whole system of universal hill functions here and the
results of [7] need a generalization, which is the subject of this paper, too.

The purpose of such an investigation is far from purely theoretical. In practical
computation, the round-off error prevails in the result relatively soon, i.e., for relati-
vely large parameter h. Thus we cannot obtain arbitrarily accurate results choosing
sufficiently small h. We are forced to seek ways for obtaining very accurate results
for relatively large values of h, which are acceptable in the numerical process in-
volved. ®

Basic concepts of the theory of generalized functions are introduced in Sec. 2.
We refer to [10], [7] for their principal properties. In addition, the main result
of [1] in approximation by hill functions is given in this section.

In Sec. 3 we introduce a system {w},}ye(olu) of infinitely smooth rapidly decreasing
functions and establish a theorem concerned with the approximation by this system
of universal hill functions. A proper choice of a A-admissible function n(h) is shown
for a class of systems {w,} and a possibility of the approximation by a system of
functions not having compact supports is studied. These statements are generaliza-
tions of the corresponding theorems of [7] Sec. 4.

Two particular systems of universal hill functions the Fourier transform of which
has zeros of a certain multiplicity at some of the points 2mj/y are constructed in Sec. 4.
Moreover, a theorem examining the influence of these zeros on the quality of the
approximation is proven here.

In conclusion, a simple numerical example illustrating the statements of Sections 3
and 4 is given in Sec. 5.

2. PRELIMINARIES

We will confine ourselves to the one-dimensional case. Apart from basic defini-
tions and notations, the principal result of [1] is given without proof in the con-
clusion of this section.

Definition 2.1. Let R be a one-dimensional Euclidean space. Let us denote the set
of complex-valued continuous functions defined in R with derivatives of all orders
continuous in R by C®(R). Let us denote by S(R) the set of all rapidly decreasing
(at o) functions (i.e., the functions ¢ € C*(R) satisfying the condition

sup |[x*oP(x)| < o

xeR
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for all non-negative integers k, 1) with the usual topology (see [10]). Let S'(R)
be the space of generalized functions over S(R). We will write simply C*, S, S’ etc.
instead of C*(R), S(R), S'(R) wherever it will not be ambiguous. ®

We also introduce the convolution ¢ * { of functions ¢, Y € S, and the product yf
and the convolution f % of functions y € S, f€ S’ in the usual way.

Definition 2.2. Let w(x) = ax + b be a non-singular linear mapping of R on R
with a, b real, let f€ S'. Let us denote by f(ax + b) a function from S’ satisfying
the relation

(flax + b), ¢(x)) = (f(w(x)) @(x)) = |a|~* (F(x), o(w™"(x)))
for any ¢ € S. For the sake of brevity we will sometimes use the notation

f1(x) = f(ax)
withb = 0.

Definition 2.3. Let us denote the Fourier transform of a function ¢ € S by

#@) =509 = [ e omar.
Let us introduce #(f) = [ for f€S’ by the equality

(Z(f), Z(9)) = 2n(f. 9)
valid for any @€ S.

Remark 2.1. The Fourier transform £ is a linear continuous mapping of S on S
and of S” on S’. The inverse Fourier transform % ~ '((p) of the function ¢ €S is given
by the formula

| e i
F1(p) (x) = ﬁf e (1) dt

2n

The inverse Fourier transform % ~!(f) of the function f € S’ is defined by the equality

(F7 () @) = @m0 (1, Z(9))

valid for any ¢ € S.

Definition 2.4. Let f € S’. A closed set G = supp f is said to be the support of the
function f if (f, p) = 0 for all p €S such that ¢(x) = 0 in some neighborhood
of G.( A support in the sense of this definition need not mean the minimal support.)

Definition 2.5. Let us denote by HXR), o = 0 the set of all functions fe S’ such
that

|Z(f) (x)|* (1 + [x|**) € Ly(R) .
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Let us put

(2.1) If !

2 = ~r \Z() () (1 + [x]) .

2n

The normed linear space H*(R) with the norm (2.1) is said to be a fractional Sobolev
space.

Remark 2.2. Apparently H¥(R) > H#(R) for 0 < a < B, and H°(R) = L,(R).

The following theorem is a special case of Theorem 4.1, the basic approximation
theorem of [1].

Theorem 2.1. Let0 < o < f bereal numbers. Letw;e S’;j = 1, ..., r be functions
with compact supports. Let y;; j =1, ..., r be (complex-valued) trigonometric poly-
nomials such that the function

r

A ZZAJXJ
j=1

i=
where 1; = F(w;) has the following properties:
1.
(2.2) A(0) + 0.
2. There exists a function z(k) such that
(23) [A(x — 2nk)| < z(k) |x]|*
for some t = 0, all x such that
(2.4) x| <=,
and all integers k + 0, and
3.

(2.5) S 22(k) k| < oo

Then there exists an operator A,

AN =% 5 efhf k) oslh =1

==

mapping H® into H* for any 0 < a £ o'. Moreover,
(2:6) ' If = A= < CH|f] s
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where
(2.7) p=min(t — o, f — @)
and 0 < C < oo is a constant independent of h.

If the support T of f is compact then there exists a constant 0 < L < oo indepen-
dent of h such that A,(f)has a compact support T' where T' is an Lh-neighborhood
of T.

Proof is given in [1].

Remark 2.3. Further analysis in [1] shows that the conditions (2.2) to (2.5) are
not only sufficient but also necessary for the estimate (2.6), (2.7). Condition (2.3)
is of particular importance. It says that the function A has zeros of multiplicity ¢’
at all the points 2nk where k % 0 is an integer and t’ is the minimal integer not less
than t.

3. UNIVERSAL APPROXIMATION BY SYSTEMS

This section is devoted to the formulation of the results of [7] Sec. 4 for systems
{w,} of functions introduced in Definition 3.1. The principal theorem of the paper
is Theorem 3.1, an analog of [ 7] Theorem 4.1. In the theorem we examine the appro-
ximation by a system of hill functions, i.e., the approximation of the form

k_Z mckwn(h)((x/h = k)yn(h)),
where f(w,) = A, and 5 is a A-admissible function introduced in Definition 3.2,
and show when this approximation is universal. We attach a brief sketch of the proof
of this theorem since we will need some relations and the notation of the proof
in Sec. 4. For the same reason, we present also Lemma 3.1 (an analog of [7] Lemma
4.2) with proof. On the other hand, we refer to [7] wherever it is suitable.

In conclusion, we show the choice of A-admissible function for a class of systems
of universal hill functions in Theorem 3.2 and consider a numerically practicable
way for the approximation by a system of functions not having compact supports
in Theorem 3.3. The proofs of these theorems follow from the proofs of [7] Theo-
rems 4.2 and 4.3 after obvious changes.

C, D, and L mean general constants (independent, in particutar, of the parameter
h) taking different finite positive values at different places throughout this and the
following section.

Definition 3.1. Let U > 0 be given. Let us denote by {¢,},c0.v, & system of complex-
-valued functions ¢, defined in R for all ye(0,U). We will write simply {¢,}
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wherever it will not be ambiguous. Further we will write {(py} < S(R) if ¢, € S(R)
for any y (0, U).

A single function ¢ will be considered as a system {@,} if we put ¢, = ¢, y € (0, U),
with an arbitrary U > 0.

Remark 3.1. Let {p,} = S. Let us put y, = #(p,) for any ye(0,U). Then
apparently {{,} = S (cf. Remark 2.1). ®

We will introduce the concept of the A-admissible function n(h), which plays
an important role in the universal approximation by hill functions as well as by
systems of them.

Definition 3.2. Let {A,},. 0.0, = S(R) be given. A bounded continuous increasing
real-valued function n(h) defined on the interval <0, 1) is said to be A-admissible
if it satisfies the following conditions:

1.
(1) A0) =0, ()= U.

2. There exists a finite positive constant C(n) such that
() Wh(h) < (o)

for0 < h < 1and any e > 0.

3. For any o = 0 there exists a function z(k) = z(k, «) such that

(3.3) [Ayl(x = 27k)[n(h))| < Clat, y) b =(k, o)

holds for all integers k, k 0, any y 20, 0 < h <1 and “cl < 7 with some
finite positive constant C(oz, y). Moreover

(3.4) i 2k, o) [k[** < 0,

k0
i.e., the series converges for any o = 0.

Remark 3.2. Let AeS. We will also speak about the A-admissible function
n(h) in the sense of Definition 3.2 considering the system {A,,}ye(o,u) given by the
equality A, = A, y (0, U), where U > 0 is arbitrary (cf. Definition 3.1 and [7]
Definition 4.1).

Theorem 3.1. Let & > 0, &' > 0 be given. Let {w,},.0.y, = S(R) and let us denote
the Fourier transform of o, by #(w,) = A,. Let there exist finite positive constants
Toos 'y, and I’y such that

(3.5) 0< Ty = |Ay(0)‘ >
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(3.6) sup [4,(x)] < I,
(3.7) su'? [AP()] = T,

for any positive integer s idependently of v € (0, U). Further, let there exist a A-ad-
missible function r](h).
Let

(3-8) 0=«

IIA

f < o

be real numbers and let f e H¥R).

Then there exists an operator G, ., 0 < h < 1,

(3.9) G,.,(f) (x) = ’7(]1)k:§_: e(k, h, f) w,,(,,)((x/h — k) n(h))
such that

(3.10) If = Guo(F)

for 0 < h < 1.
Let Q = R be such a set that

H=(R) § C(Q, B, 8) hﬂ—z—e Hf”"g(k)

(3.11) Q =suppow,, ye(0,U)

(¢f. Definition 2.4). If both the support T of f and the set Q are compact then there
exists a constant L(o, B, ¢') such that G, ,(f)has a compact support T' where T’ is
an Lh'~*-neighborhood of T.

Proof. The course of the proof is based on that of Theorem 4.1 given in [7]
We refer to [7] in the cases when the argument of the proof remains completely
unchanged. However, we repeat the substantial steps of the proof here and introduce
the notation which will be used in Sec. 4.

The proof consists of four parts. In the first part we approximate the function
fe HY(R) by a function f, e C*(R) and find the bound (3.16) for the error of this
approximation. We construct a function g € H*(R) approximating f, in the second
part and find the bound (3.25) for the norm of their difference in the third part.
The fourth part is concerned with the statement on compactness of the support
of G,,',,(f). The proof of an auxiliary statement is removed into Lemma 3.1 that
follows the proof of the theorem.

I. We introduce the function f;, € C* exactly in the same way as in [7]. We start
from the definition of the functions x€ S, ve S:

Mx)=exp(x* = )7, |x[ =1
=09 lXI> l,
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and v = Z(x). According to [7] Lemma 4.1 there exists a trigonometric polynomial
P such that

(3.12) [l — @(xh)| < Clx|!~*hP==, |xh| < 1
where

(3.13) @ = VP

and ¢ € S. Further let us write y =  ~'(¢) and

(3.14) fu=h"'(f= X[”‘l])

where f € H?(R). Then we obtain that f, e C*, #(f,) €S’ (cf. [7] Remark 2.3) and
(3.15) &= Z(fi) = o™ Z(f).
Moreover, we find that f, € H*(R) and

(3.16) If = f

ey = W ncy -

2. According to Lemma 3.1 there exists a trigonometric polynomial P, such that

(3.17) | Ayn(xh[n(h)) P(xh) = 1| < Ch*~*|x|P~*, |x| < n/h
and
(3.18) [P,,(x)l <Ch*, xeR

for an arbitrarily chosen ¢ > 0. Then we may procesd in the same way as in the
proof of [7] Theorem 4.1. Let us put

(3.19) L(x) = Py(xh) i Elx — 2mk/h).

k=—o0
Then the series in (3.19) converges in L,(—n/h, n/h) since we may estimate

(3.20) “k:Z Enx = 21k )| Ly mmsmy S S| Lacry -

Therefore (, € Ly(—n/h, n/h). Moreover, the function {, is apparently periodic
with period 2n/h. Further let us write

(3.21) L= PG + W)
where
(3.22) : ¥i(x) =k;0g“,,(x — 2nk/h).

410



This function is denoted by & in [7], i.e.,

(3'23) 5: =Y,
in our present notation.
Lzt us construct a Fourier series for the function {, in (—n/h, n/h),

@Vn(x) = 2 Ck(h) et
=

o0

where
h n/h .
c(h) = j G(x) e M dy
27[ —n/h

Finally let us write

9(x) = h~"n(h) 3 cu(h) oy((x/h — k) n(h)) .

k=—o0

Then we find (cf. [7] Remarks 2.2 and 2.7) that

hn~'(h) #(g"" ™) (x) = mh)\x) Z ex(h) "1

i.e..

(3.24) F(g) = K,,A.‘,’:Z) ] _ Plh]A[Im g, p[h]A[hn il
3. Let us now show
(3.25) Ifn = 9|ln=ry £ Ch#~= c”f[l,,,,(m

Then we obtain also that g € H*(R). From (3.15), (3.24) we have

(3.26) 1fi = 9lh=ry = 2'; J “ El(x) = Pu(xh) Ay(xh/n(h)) &(x) —
= Py(xh) Ayan(xh[n(R)) Yo (x)[* (1 + [x[*) dx <
< C(th [t = Py(xh) Ay(xh[n (1 + |x[*) dx +
—n/h

n/h
+ j |P,(xh) /1,,(,,,(.\'11/;7(h))‘2 |1//,,(x)l2 (1 + |x ) dx +
—n/h

0 n/h

GO [Agan((xh = 2rk)n(R)[* (1 + |x — 27k/h|?7) dx +

+f [E)]” (1 + l*lza)d">=C(ll + 1+ 15+ 1)
n/h<|x]|
since {, is periodic with period 2n/h.
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From (3.8), (3.15), (3.17) we obtain

2 1s 0 [ R [l [0 o) ax <

—n/h

< Chz"’_“)”f“fmm

since the functions ¢ and
(3.28) (1 [P [x[Pe (1 + |x[2) !

are bounded in R.

We can easily verify that the assumptions of [7] Lemma 4.3 are fulfilled. Putting
y = « in the statement of the lemma and using (3.23), we have

n/h
f i) (1 + [x[) dx < CR2= 2 f]fry

which together with (3.6), (3.18) gives
(3.29) I = CR7 0 flfae)

for an arbitrary ¢ > 0.

Further let us write

n/h
I, Y f |Py(xh)|?
k0 ) —n/h

q (x)[z ]/I”(,,)((xh — 2nk)[n(h)? (1 + [x — 2nk[h|**) dx +

n/h
+ J [Pu(xh)[* [Wa()? | Apan((xh = 2mk)[n(h))]* (1 + |x — 2nk[h|**) dx =
k+0 J —n/h
=13 + 1.
Puttingy = 8 + ¢in (3.3) of Definition 3.2, and using (3.18) and the fact that

I+ |x = 2nk[h|** < Ch™**

we get
(3.30) [Py(xh)[* [Aya((xh = 27k)[n(R))]> (1 + |x — 2nk[h|*) <
< Ch2=9 22(k) |k

for |x| < n/h, 0 < h < 1, and any integer k, k # 0. Then from (3 15), (3.30), and
(3.4) of Definition 3.2 we have
n/h
2a T
j\—n/h

(O] (1 + [x[*) dx < Ch*P=2[ f7in

13] < Ch*-= Z > X)IZ I(p(Xh)IZ dx <
k*0

nt/h
< cwe [ 15()
—n/h
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because the function ¢ is bounded in R. Putting y = f in [7] Lemma 4.3 and using
(3.23) we obtain

ﬁZMWVU+MWM§cmmm.

which together with (3.30) and (3.4) of Definition 3.2 gives

2
HP(R) -

e L O (R N TNy
k*0 ~n/h

Therefore

(3.31) Iy < CH*P2| ]y -

Finally we use (3.8), (3.]5) and the boundedness of the function ¢ to show

F(f) ()P (1 + [x[*)dx <

(3.32) I, < Cf
n/h<|x|

scf W0 0 = R,

since the function (3.28) is bounded in R.
From (3.27), (3.29), (3.31), (3.32) we obtain (3.25). which together with (3.16)
completes the proof of (3.10) if we put

Gmxf)::g'
Thus G,,y,,(f) € H*(R).

4. Supposing that the support T of f is compact and repeating the argument
of the proof of [7] Theorem 4.1, we establish that the sum in (3.9) is finite, i.c.,
the summation goes over all integers k € K where

(3.33) K =[k kh =v+y,veT, |y| £ Lh]

with some finite positive constant L.
Let the set Q be also compact, i.c., let there exist a constant D such that

Q< [x |x| £D].
Then according to (3.11)
Q= supp o, ((x/h — k) n(h)) = [x, [(x = kh) n(h)/h] < D] =

[x, kh — Dhly(h) < x < kh + Dh[n(h)] .

Il

B
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Finally with respect to (3.33) we find
(334) T = supp Gh,u(f) = U Qk <
keK

cww=v+x+y veT, |y| £Lh |x| £ Dhn(h)] =
c[ww=v+z veT, ]zl < Lh“E']
since the function h*(L+ D[n(h)) is bounded for 0 < h < | and an arbitrary

¢ > 0 according to (3.2) of Definition 3.2. Apparently (3.34) is an Lh'~*-neigh-
borhood of T. The last statement of the theorem has been proven.

Remark 3.3. Choosing in Theorem 3.1

(3.35) w, =0

y

for all y € (0, U) we obtain immediately [7] Theorem 4.1.

In the sense of Definition 3.1 and Remark 3.2, we say that a function w € S(R)
satisfies the assumptions of Theorem 3.1 if the system {w,} where w, is given by
(3.35) (as well as the system {A,}, A, = F(v,)) satisfies them. ®

The following lemma is used in the proof of Theorem 3.1 and also referred to
in Sec. 4.

Lemma 3.1. Let the assumptions of Theorem 3.1 be fulfilled. Then there exists
a trigonometric polynomial P, such that

(3.36) [ A, n(xh[n(h)) Py(xh) — 1] < C|x|#~* hP==

for lYl < n/h and
|Py(x)] = Ch™*

for x € Rand an arbitrary e < 0.

Proof. The existence of P, follows from a modification of the proofs of [7]
Lemmas 4.1 and 4.2. If § = « we may put P,(x) = 0. Thus let « < f and let us
denote the minimal integer not less than f# — « + 1 by B. Let us choose two integers
N = M in such a way that

N-M=B-12z0.

Assuming that P is of the form

(3.37) P,(x) = iM by(h) e

k

we will find its coefficients by(h); k = M, ..., N.
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Let us write a Taylor series for the function (AL, ™'P, — 1) € C*(R). Putting
d/ :
(3.38) o (Aym(x[n(h)) Py(x) — )yco =0: j=0,1,....B— 1
we get the Taylor series with the first B terms equal to zero, i.e.,
B d®
Agan(x[n(h)) Py(x) — 1 = x®(B!)~! dxP (Ayn(x[n(h)) Pi(x))]e= 2

for |x| < n where |£] < n. Substituting (3.37) for P, and using (3.6), (3.7), and
Definition 3.2, we get

A1) Pi2) = 1] 5 Claf?n~70) 3 [ (8

We will show that max |b(h)| £ Ch™* in the following. Considering this and
M....N

.....

(3.2) of Definition 3.2, we will have
[Aym(x[n(h)) Py(x) — 1] £ Ch™!|x|[P7=*1 .

Substituting finally xh for x, we obtain (3.36).

Let us further examine the conditions (3.38). Differentiating (3.37) and substituting
for the derivatives in (3.38), we have the system of B linear algebraic equations
for B unknown coefficients by(h); k = M, ..., N, namely

N
(3.39) Y a(h) b(h) =60;; j=0,1,....,B —1
k=M
where
j ; -
(3.40) ap(h) = ,Zo (;) i'k'n'~I(h) A%5P(0)

and J,,, is the Kronecker symbol'). Making use of the form (3.40) of the elements
of the matrix of the system and expressing the determinant det (a;,(h)) of this matrix
in terms of the sums in (3.40), we finally obtain

det (a(h)) = iBE=V12 A%, (0) Vy(M, M + 1,...,N)

where Vg(M, M + 1,...,N) is the non-zero Vandermonde determinant formed
of the B integers M, M + 1, ..., N, which are different from each other. Considering
(3-5), (3.6) we can estimate

(3.41) IgVe(M, M + 1,..,N)| = |det (au(h))| = TgolVs(M. M + 1,..,N)| > 0

) 0,y = 0 unless m = n, in which case J,,, = 1.
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independently of k. Thus the system (3.39) has a unique solution b(h); k = M, ..., N
for any right-hand part and 0 < h < 1. The trigonometric polynomial (3.37) satis-
fying (3.38) has been constructed.

Let us solve the system (3.39) using Cramer’s rule. Denoting the matrix, obtained
by replacing the rth column in the matrix (a;(h)) by the column of the right-hand
parts, by ("a;(h)) and treating this matrix in the same way as above, we find

1 B-1
(3.42) det (ay(h)) = (—1)y ¥ ... Y i it x
11=0 Ip-1=0
1 B—1\ -1 Ip-1-B+1 (-1 (B~1-1p-1)
Ay, ), ) (h)...n (R) At "2 (0) ... Aygn (0) x
x \M" o (M+r=2" (M+r)h ... N"
tM’Z oo M+ =2 (M4 ... N"
(M (M 4 2) (M4 ) NP

According to (3.6), (3.7) we have
[am (0) - Ay (0)] = €

independently of h and for any choice of I, ..., Iz_,. Further, the determinant
on the right-hand part of (3.42) vanishes apparently whenever I, = I for a pair
of indices from the set I, ..., I5_. Thus the minimum power of #(h) appears in the
non-zero term with I, = s — 1. Finally we may estimate

|det ("a;(h))| < Cn'~5(h) + o(n* "*(h)), h—0.

Since the determinant det (a(h)) of the system (3.39) is bounded from below inde-
pendently of h according to (3.41), we obtain

|b(h)| < Ch™*, O0<h <1

for any ¢ > 0 with respect to (3.2) of Definition 3.2. This completes the proof because
then (3.36) holds and, moreover,

|Pi(x)] §k§M|bk(h)] < Ch™™®, xeR.e

A A-admissible function # fulfilling the conditions of Definition 3.2 may be readily

found for the class of systems of functions from S the Fourier transform of which

decreases (at o0) as rapidly as e I*I.

Theorem 3.2. Let {A,} < S satisfy the condition

3.43 A(X)| £ Le > xeR, ye(0,U
y
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with some finite positive constants L, D. Then the function

(3.44) n(h) = no(n, + log ' ™ h=1)~"

where 14, 0y, & are arbitrary positive numbers and noln, < U, is A-admissible
independently of L, D.

Proof. Proceeding in the same way as in the proof of [ 7] Theorem 4.2, we verify the
conditions (3.1) to (3.4) of Definition 3.2 since (3.43) is fulfilled independently of y.e

Approximating a function f the support of which is compact we expect the support
of G,,,,,(f) to be also compact. However, this is possible only in the case when the
approximating function w, has also a compact support (cf. Theorem 3.1).

In practice, the functions of the system {wy} need not have a compact support
but may decrease (at o) so rapidly that (from a numerical point of view) their
values are negligible for ix] greater than some Y > 0. The approximation by a class
of systems of such functions is considered in Theorem 3.3.

Theorem 3.3. Let the assumptions of Theorem 3.1 be fulfilled. Further let K
be a non-negative integer such that

(3-45) |0$(x)] = Lie ™. xeR; ye(O,U); j=0,1,...K

with some finite positive constants D;, L;; j = 0,1,..., K.
Let us introduce a function w,y and its derivatives up to the order K by the
formula

(3.46) ol)(x) = oP(x), |x| <V,
=0, lxi >Y

for y (0, U) where

(3.47) Y=Y(h) =Y, + Y log""™*" h™!

with 0 < h < 1 and arbitrary positive constants Y, Yy, and ¢,. Writing

G () = 1700 ™7 3 el ) (i = 1) ().

= — o0

(3-48) G () (x) = w "' (h) h“i iwc(k, h, ) o A(x[h — k) n(h))

for 0 < h < 1 with c(k, h, f) given in (3.9), and

oy =G =Gy j=01,...K
we have
Su}: |Qi(vlr)1Y(f) (x)l < C(j, S) hs“f”L;(R)
XE.

forany s 20and j=0,1,...,K.
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Proof. Considering that (3.45) holds independently of y, we obtain the statement
of the theorem by the same argument as in the proof of [7] Theorem 4.3.

Remark 3.4. Let us put

oP(x). x| =Y,

S

=

=
I

I

0, |x[>Y

for y €(0, U). If we substitute @Y} for !’} in Theorem 3.3 the theorem remains true.
Its proof needs only minor changes.

4. ON THE SUITABLE CHOICE OF SYSTEMS

Let us consider a function w € S satisfying the assumptions of Theorem 3.1 (i.e.,
the corresponding system {w,}, w, = w for all ye(0, U), cf. Definition 3.1 and
Remarks 3.2 and 3.3), #(w) = A. Further let {w}} = S be such a system that
F(w}) = A}, A} = q,A and the functions g, as well as A} have zeros at some
of the points 27j/y, j * 0. In Definition 4.1 such a system is called the system asso-
ciated with the function w.

Let us study the approximation by the associated system {w}} of the form (3.9)
as compared with the approximation by the single function w. We will return to the
proof of Theorem 3.1 to this end. In (3.26), the principal part of the error of the
approximation is bounded by the four integrals, I, I,, I, I,. Let us confine ourselves
to h e {H, 1) with some positive number H. Then we may readily see that I, and I,
depend only on the bechavior of A and A:‘ in a certain vicinity of the origin. This
behavior of A and A} is rather similar if we assume ¢,(0) # 0. Further, I, does not
depend on A and /I;“ at all.

Since the dependence of the error of the approximation on the behavior of A
is very complex, we will confine ourselves to the study of the integral I; in dependence
on A. This comparison is the subject of Theorem 4.3, the basic result of this section.

In the introductory part of the section we are concerned with some properties
of the associated systems in Lemmas 4.1 and 4.2, and study two particular associated
systems that allow a relatively simple direct computation of w;“ from w (withoutthe
explicit knowledge of A) in Theorems 4.1 and 4.2.

The assumptions of Theorem 4.3 are chosen in order to show the role of the zeros
of A;‘ and their multiplicity in the error bound. Lemmas 4.3, 44, and 4.5 that
follow the theorem should explain the nature of these rather restrictive assumptions.

C, D, L, and P mean general constants (independent, in particular, of the parameter
h) taking different finite positive values at different places throughout this (as well as the
preceding) section.
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Without repeating it explicitly, we use the notation
Fw) =4, F(w))= A}

wherever we are concerned with a function w € S or a system {w;‘} < S in this
section.

Definition 4.1. Let a real number U > 0 and a function w € S(R) be given. Let
J > 0, M > 0 be integers, let q, € C*(R) be a function having zeros at the points
2njly, i.e.,

qy(2nj/y) =0

where I]] =1,2,...,Jand y G(O, U). Further let
(4.1) [a3°(x)] < Culxy|™ + Dy

for xe R, ye(0,U) and arbitrary non-negative integer k with some finite constants
C,>0,D,>0,and 7, 20, and

(4.2) 4,000 = 0 >0, ye(0,U).
The system {®}},.0.v) = S is said to be J, M-associated with the function w if
(4.3) Ay =q)fA. e

The dependence of g, on J and that of a):‘, A;‘ on J and M is not explicitly
expressed in our notation butthe corresponding values of J, M will be always apparent
from context. In such cases, we will also say that a system is associated instead
of J, M-associated.

Remark 4.1. From (4.1) we obtain immediately that A:‘ € S. Moreover, we may
write
wy = F (A7) = 7 (q)'1) =

=F g xo=F " q)x...«F (q) xw

where the term & ~!(g,) appears in the convolution M times since it follows from
(4.1) that g, (as well as g,') is a multiplier and # ~'(q,) (as well as # ~'(g,")) is a con-
volutor (cf. [7] Definition 2.7 and Remarks 2.3 and 2.4). @

The following two lemmas describe some properties of the associated systems
{o}}
wy, ).

v

Lemma 4.1. Let a function w € S(R) be given. Let the system {w}},c0.v) be J, M-
-associated with the function . Let us have a A-admissible function n(h) (cf. Remark

3.2). Then the function n(h) is A*-admissible.
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Proof. Obviously it is sufficient to verify condition 3 of Definition 3.2 for the
system {A}}. According to our assumption that n(h) is A-admissible, there exist
z(k, «) and C(a, y) such that

[A((x — 2zk)[n(h))] £ C(a, y) h” z(k, a)
and

i 2k, @) |[k|** < oo

k*0

for arbitrary « 2 0,y 2 0,0 < h < 1, and lxl < 7.
From Definition 4.1 we have

A(x) = ¢,'(x) A(x)
where ¢, satisfies (4.1). Then
[son((x — 2mk)[n(R)]| = lantn((x = 2xk)n(R)] [A((x = 27k} n(h)] <
< (Colx = 2mk|"* + Do) [A((x — 2mk)fn(h))] <
< ClkMe|A((x — 2nk)[n(h))| £ Cla + Mro, y) || h? z(k, o + M)
for |x| < m where we used (3.3) with o + M, instead of «. Writing
(4.9 z¥(k, @) = z(k, « + Mz,) |k|M™,
C¥, p) = Clo + Mg, y),
we finally obtain
[Ayoy((x = 2mk)[n(h))| < C*(a, y) h* z¥(k, a)

for all integers k, k £ 0,any « 20,y = 0,0 < h < 1, and lx[ < n. Further, with
respect to (3.4) of Definition 3.2 and (4.1) we have

Z z*?(k, oc) ]k]2a = Z zz(k, o+ MTO) |k|2(a+MrQ) <.
K50 5
Therefore n(h) is A*-admissible.

Lemma 4.2. Let a function w € S(R) satisfy the assumptions of Theorem 3.1 (cf.
Remark 3.3). Let the system {w}}, 0.y, be J, M-associated with the function .
Then the system {co;‘} satisfies the assumptions of Theorem 3.1, too.

Proof. With respect to Lemma 4.1 it is obviously sufficient to verify the existence
of constants I'y, I'gg, I’y in (3.5) to (3.7).

Since

45(0) = ¢;(0) 4(0)

420



according to Definition 4.1, the relation (3.5) follows immediately from (4.2). Further
from (4.1), (4.3)

[A5(x)] £ |A(x)| (Colxyl“’ + D)™ < [A(x)| (C!x|‘° + D)™
which gives (3.6) since 4 € S and 0 < y < U. Finally we may write
AXO(x) = ¥ (:) AD(x) (gM(x))
r=0

and thus we obtain (3.7) for any positive integer s by the same argument as above. ®

The following two theorems present two particular associated systems {w:’}
of practical importance since the function w; can be determined from o directly,
without the explicit knowledge of F#(w).

Theorem 4.1. Let a real number U > 0 and a function o € S(R) be given. Let

(4.5) p,(1) = [1(* — 4n%j?) =l=iob,t“

—

]
-

J

be a polynomial of degree 2J with zeros at the points 2nj;

(4.6) a,(x) = py(xy)

in Definition 4.1 we obtain a J, M-associated system {w}},.0.v)»

j[ = 1,.... J. Putting

M

(4.7) : oy(x) =Y (1) dpy*'o?(x),
=0

where we use the notation

M
py(t) = Y d?t.
1=0

Proof. From (4.5), (4.6) we have

J J

qy(x) — Z blxllyll — }’21 H(XZ _ 47[2_].2/)'2) ,
=0 j=1
i.e., g, has zeros at the points 27j/y, |]| = 1,..., J. Apparently (4.1) holds with
7, = max (2J — k, 0) and suitable constants C,. D,. Further
J
4,(0) = [](—4n*) = Q@ >0

j=1

independently of y, which implies (4.2).
Considering Remark 4.1 and the relation

~
B x) = i
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where § is the Dirac function we obtain (4.7). The theorem has been proven since
the relation {®}} = S is obvious.

Theorem 4.2. Let a real number U > 0 and a function o € S(R) be given. Putting
a,(x) = (3xy) " sin Ixy

in Definition 4.1 we obtain a J, M-associated system {}},.c0.v) for an arbitrary
integer J > 0. Let & be the central difference with step y, i.e.,

§1(x) = fx + 4) - f(x = 1),
87(x) = 8(5™11(x)).
Further let there exist a function Mw e S such that
M (M)
Then
(4.8) oy =y MMMy, ye(0,U)

for any positive integer M.

Proof. Since
q,(0) = lim (3xy) " 'sindxy =1, ye(0,U),

x=0
g, has apparently zeros at all the points 27j/y, j % 0. Further (4.2) holds with Q = 1.
Differentiating the function g, as the product of sin 1xy and (3xy)~! and consider-
ing the relation

[sindxy| £ C|x|y, xeR, ye(0,U),
we have

ko
(49) o] = () ) simdny + 3 (4) () Gin ] <
=1\
K7k, . .
S CKlx|™*+ Y <J) (k = j)! |x]""~1 Gy t=c
=1

for |x| 2 1 and y €(0, U). To obtain an analogous bound for |x| < 1, we use the
power series expansion for sin £xy. The series as well as all those obtained by differen-
tiating converge for x € R, y € (0, U). In particular,

—1)
e g

(4.10) 20 =1 2+ 1)(2 - k).

for ]xl < 1 and ye(0,U). Thus (4.1) follows from (4.9) and (4.10) with 7, = 0;
k> 0.
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Direct computation gives

where

Moreover, we may compute
7 g9 =v""8g. ges.
Considering Remark 4.1, we obtain finally (4.8). The relation {w}} < S is obvious.

Remark 4.2. For both the J, M-associated systems defined in Theorems 4.1
and 4.2 we have
limow} = Cw, xeR
y=0
as an immediate consequence of (4.7) or (4.8). Therefore, in the approximation by
the system {wy} we can expect no advantages for small h as compared with the
approximation by the function w. @
The following definition introduces the notation necessary for the study of the
role of zeros of A;‘ and their multiplicity performed in Theorem 4.3.

Definition 4.2. Let a function w e S(R) satisfy the assumptions of Theorem 3.1
(¢f. Remark 3.3). Let the system {w *}ve«) vy be J, M-associated with the function
o and let there exist a A-admissible function n(h) (cf. Remark 3.2).

Using the notation of the proof of Theorem 3.1, let us construct the trzgonometrlc
polynomials P, Py (corresponding to the functions A, A,,(h)) according to Lemma 3.1.
Let f € HY(R). Let f, be the function (3.14) constructed in the first part of the proof
of Theorem 3.1. Let us introduce the function {, by (3.15), (3.21), and (3.22), and the
Sfunction {} by the analogous relation

Oix) = P,’f(xh)k Y Ex — 2rk[h) = Pi(xh) (E(x) + yu(x)) .

“Finally we put

I(h, f)

I

f/h G A (1 + [ .

Il

I*(h, f) J‘n/h<[xlyzh x)|* | Agon(xhfn(h)|* (1 + |x|*7) dx .

We will simply write I, I* wherever it is not ambiguous.

Remark 4.3. The integrals I(h,f), I*(h, f) correspond to the integral I5 in the
proof of Theorem 3.1. Our notation introduced in Definition 4.2 underlines the
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dependence of this integral on & and on the function f. On the other hand, the integral
I*(h, f) depends also on the choice of the J, M-associated system {w}}, and, in
particular, on the integers J, M.

Theorem 4.3. Let a function w € S(R) satisfy the assumptions of Theorem 3.1.
Let

(4.11) |[A(x)] >0, xeR.

Let there exist a A-admissible function n(h).

Let {®}},c0.v) be the system J, M-associated with the function w for arbitrary
positive integers J, M and let

(4.12) la,(x)| £ 1, xeR

where q, is the function from Definition 4.1. Further let there exist a constant
L(J) > 0 such that

(4.13) sup | Ar((xh = 2mj)[n(R))| < LM(J)

xe{ —n/h,n/h>

holds for all integers j, 0 < Ij[ < J and arbitrary positive J, M.

Let 0 >0,1> H > 0 be given. Let E = H(R) be the set of functions satisfying
the following two conditions for H < h < 1:

1. There exists a positive constant C such that

(4.14) I(h.f) 2 C|f] L,
for all feE.

2. For any non-zero integer k and anyfe E, we have
n/h
(4.15) f ICE1? (1 + |x — 2nk[h]>) dx <
—n/h
n/h
< C(k) f ) (1 + |x — 20k [h|) dx ,
—n/h

(4.16) J "/h/h|¢::(x)]2 A ((xh — 2k (1 + |x — 2nkfk|®) dx <

-n

nt/h
= D(k)J |GG Aol (b = 2mk)n(R)[? (1 + |x — 2k [h*) dx
—n/h
where C(k) is a finite positive constant and
(4.17) \ 0 < D(k) < DI|k|f
with some constants D,t = 0 .
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Then there exist positive integers Jo,, My and such a system {w’;}ye(oiu, Jo, My-
-associated with the function w that

1¥(h, f) < 0I(h, f)
forany H < h < 1andfekE.

Proof. Let us put

't/ h

X)|? |A((xh = 2=k)[n(h)|* (1 + |x — 2nk/h

Za) dx ,

-

~n/h
n

Iy = I:(h, f) =J |c;*(x)|2 | A ((xh = 2mk)[n(h))]> (1 + |x — 2mk|h|*) dx

for all integers k, k & 0. Writing the integrals I, I* as the sum of the integrals from
—2nk[h — n/h to —2nk|h + n/h and performing a substitution, we obtain

I(hf) = % Ihf), I*(h.f)= % Iih.f)
k=— o =-®
k*0 kk*O
since the functions {, {; are periodic with period 2n/h.
The proof of the theorem is divided into two parts. In the first part we will find
an integer J, > 0 such that

—Jo—1

(@.15) (3 + 3 )i

© k=Jo+1

for an arbitrary M > 0, H £ h < 1, and the functions f satisfying (4.14), (4.16).
To this end we will establish the inequality

(4.19) I < D(k)I,

_ for any integer k, k # 0 and arbitrary J > 0, M > 0 where the D(k)'s are given
in (4.16) and fulfill the inequality (4.17). We will use the notation

It=

K k=-N &k

M=

1k]

for the sums analogous to those in (4.18).

In the second part we will show that for any 6" > 0 there exists an integer M, > 0
such that

(4.20) If <101,

425



for 0 < |k| £ Jo, H £ h < 1, and the functions f satisfying (4.15). Finally we obtain
Jo
(4.21) Y Iy <401
k=1
which together with (4.]8) gives the statement of the theorem.
1. From (4.12) we have
(4.22) [ = a4 = [4)] . xeR. ye(0.U)

according to (4.3) of Definition 4.1. Let us estimate

o1, = 12 = [ (DU o [A((sh — 2 -
~ P A5 — 2K ) (1 -+ | = k] ax =

006 [ 0 (A — 2D~ A5 = 208
x (1 + |x — 2nk/h|*) dx +

+ fn/h h(D(k) ]Ch(x)lz - IC:(X)IZ) |A:(,,,((xh - 27zk)/r](h))!2 (1 + |x _ 271/(/11’2“) dx > 0

-/

since both the integrals are non-negative with respect to (4.16) and (4.22). Therefore
the relation (4.19) holds for any integer k, k + 0, H < h < 1 and arbitrary J > 0,
M > 0 with the constants D(k) given in (4.16).

Let us show that
(4.23) Y D(k) I < oo .

[k]=1

According to the proof of Theorem 3.1 we have {, € Ly(—n/h, n/h). Further, the
bound

(424) ”ChHLz(—n/h,n/h) = CHfHLz(R)

follows from (3.19), (3.20) since the trigonometric polynomial P, is bounded. Using
Definition 3.2 for H £ h < 1, we obtain

(4.25) | A((xh — 22k)n(R))| < Cloy) b =(k, 0) < C(o) (K, o)

for all integers k, k =+ 0, any ¢ > 0 and |x| < n/h. Moreover,
(4.26) : Y, 2%k, 0) [k|*® < o
k=1
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for any ¢. Further, considering the inequality

2z

[+ |x — 2nk[h[>* < Ch™=*" |[k|** < Clk

valid for k £ 0 and H < h < 1, and (4.17), (4.25), we may estimate

D(k)I,, = D(k) ji/:/hlc,,(x)|2 [A((xh = 2nk)[n(h))|> (1 + |x — 27k[h

?_z) dx é

nt/h
< C(‘L’, oc) zz(k, It + ot) |k|2’+‘J ‘C,,(x)lz dx =
—n/h

=C 22(k7 %T + a) Ikl2u+r

Ch”iz(*ﬂ(/h.n/h) .

Finally from this and (4.24) we obtain

(4.27) [ IZ D(k)I, = C'Hf”,zq(k)l IZ’ZZ(k’ Lo+ o) [k <
k|=J k| =.

< Clf[Eum < o0

with respect to (4.26) for any positive integer J and H < h < 1.
Therefore the sum (4.23) converges and we may estimate

Y Ik = Z D(k)I, = C“f“iz(m]k‘z 23k, 3T+ o) |k]PT
=J

|k|=J IK[=J

for arbitrary J >0, M > 0, and H < h <1 using (4.19), (4.27). Moreover, for
an arbitrary (0" > 0 there exists a J, > 0 such that ;

Y K =0 Cf i
k| =Jo+1
for H< h < 1. M > 0. Finally we have
I <0°Cl < 101
|k|=Jo+1

“for the functions f satisfying (4.14), (4.16), suitably chosen 0", H < h < 1, and an
arbitrary integer M > 0. Thus the inequality (4.18) has been proven.

2. In accord with Definition 4.1, let the function /1;l= € S have zeros of multiplicity M

at the points 27k[y, 0 < |k| £ J,. From the Taylor series for Ay, at the point
--2nk[n(h) we obtain

Al = 2mR)a(A) = % A5E)(—2mkn) (Bl ) +

- ALGD((xh — 2R)n(h)) (e () (M)
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for 0 < |k| £ J, and an arbitrary M > 0 where 0 < § < 1. Since —2nk/[y(h) is
a zero of Ay, of multiplicity M we may estimate

(4.28) |Axu((xh = 2zk) (k)| < (afn(h)) (M)™" sup  |AFO((xh — 27k)[n(h))|

xe{ —n/h,n/h)

for Ix < n/h, 0 < |k[ < Jy, and an arbitrary M > 0.
Let us now show that there exists an integer M, such that (4.20) holds. We may
use (4.13), (4.28) and write

IF < (/)™ (M)™2 sup [ AZOO((xh — 2mk)n(R))]?

xe{—n/h.n/h)

n/h
X f GOP (1 + |x = 2ak/h)*") dx £
—n/h

n/h
< C(k) (z/n(R))*™ (M) 2 LZM(JO)J IG(x)] (1 + |x — 2nk[h|*) dx
—n/h

for the functions f satisfying (4.15) and 0 < [k| < J, with J, fixed. Further from
(4.11) we obtain
|A((xh — 2zk)[n(h))| =2 C > 0

for |x| < n/h, 0 < |k| £ Jo, and H < h < 1. Therefore

I\

n/h
CJ / G2 (1 + |x = 2nk/nP*) dx < 1,
—n/h

and, finally, we have
(4.29) I < cp*™(M)~ 21,

for an arbitrary M > 0 where D = nL(Jo)[n(H) and C = C(k)/C. With respect
to the character of the dependence of the right-hand part of (4.29) on M, there exists
an M, > 0 such that

Il

CD*M (M) < 10/

for an arbitrary fixed 6’ > 0. Thus (4.20) holds with this M, for H < h < | and
0 < |k| £ Jo. From this the relation (4.21) follows immediately as well as the state-
ment of the theorem according to (4.18).

Remark 4.4. In practical computations it may be advantageous to introduce
an associated system {w}} in a more complex way, namely to consider different
multiplicities of the zeros 2mjly, |j| = 1,2, ..., J of the function A}. This may be
easily achieved e.g. by constructing the associated system according to Theorem 4.1.
On the other hand, the second part of the proof of Theorem 4.3 can apparently be
modified in accord with this generalized concept of the associated system.

In our considerations, the nature of which is more or less merely qualitative, we
confined ouiselves only to the associated systems introduced in Definition 4.1. @

428



The following two lemmas give the conditions sufficient for fulfilling some of the
assumptions of Theorem 4.3.

Lemma 4.3. Let the assumptions of Theorem 3.1 and (4.11) be fulfilled for a function
weS. Let
(4.30) |P(x)] 2P >0, xeR, HSh<1

hold for the trigonometric polynomial P, constructed in (3.17) (cf. Definition 4.2).

Let f(z) = f(x + iy) be an entire holomorphic function of complex variable
z = x + iy. For any integer N > 0, let there exist a finite positive constant Cy such
that

(4.31) 17(z)] = Cy(1 + |2]) ™M exp (Q]y))

holds in the complex plane with a positive constant Q. Let the partial function
1(x) € HY(R).

Then, for a sufficiently small Q, there exists a positive constant C such that
(4.32) 1(h.f) 2 CIf Lk
for H< h < 1.

Proof. We obtain that the support of the function Z(f) is contained in the sphere
|z| £ Q using the Paley-Wiener theorem (cf. e.g. [10]) and (4.31). Let us suppose
Q < mand use the notation of the proof of Theorem 3.1. Then we have

&G=F(f) = ‘P[h]f;(f)
(cf. (3.15)) where ¢ € S is given in (3.13). Therefore

(4.33) supp &, = (—m, 1) .

Let us estimate the integral I(h, f). For H < h < 1, we have

i L(h,f) = 1,(h.f) =

k=—o

k¥0

(4.34) I(h, 1)

Il

f G A = 20D 1+ = 2efh) ax 2

2
dx >

T &y(x — 2mk[h)

k=—o0

v

C K/:/J Py(xh)|?

n/h 2
CJ dx
—n/h

S &(x — 2nk/h)

k=—o

[\
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since I,(h, f) 2 0 and with respect to (3.19), (4.11), (4.30). Further, considering
(4.33) we get

supp &(x — 2nk[h) = Q2nk[h — n/h, 2zklh + n/h)

forany h < 1, i.e.,

(4.35) U(x) = Y &l(x — 2nk[h) =0

for |x| < m/hand H < h < 1.

According to (3.12), ¢ is a continuous function and ¢(0) = 1. Thus for an arbitrary
0 < & < [ there exists a positive number X (depending only on o and f) such that

lp(x)| > & for [x] £X.

Let Q < X. Then we have supp &, = {—X, X instead of (4.33) and, finally, from
this and (4.34), (4.35)

n/h

v

)= C f TP dx = cﬁxw(xh)[z () ()] dx

-n

> C.r( |7 (f) (x)]* dx = Cdelﬁ(f) (x)|]* dx = C|f]i.r)

for H < h < 1. The statement (4.32) of the lemma has been proven.

Lemma 4.4. Let the assumptions of Theorem 3.1 be fulfilled for a function o € S,
let {w;k} be a J, M-associated system. Let

(4.36) [Px)] =2 P>0, xeR, H=Zh<1

hold for the trigonometric polynomial P, constructed in (3.17) (cf. Definition 4.2).

Then there exist finite positive constants C(k), D(k) satisfying (4.17) and such
that (4.15), (4.16) hold independently of J, M for any integer k, k + 0, an arbitrary
feH!(R), and H < h < 1.

Proof. Using the notation of the proof of Theorem 3.1, we may write
n/h
(4.37) J |C,,(x)|2 (1 + |x — 2nk/h|**) dx =
—n/h
n/h
> PZJ [€(x) + w(X)]* (1 + |x — 27k[h|*") dx
—n/h
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according to (3.21), (4.36). On the other hand, the trigonometric polynomial Py (cf.
Definition 4.2) is bounded, therefore

n/h
f IGF)? (1 + |x — 2nk[h|**) dx <
—n/h

IIA

n/h
CJ\ Icf,,(x) + l[/h(x)‘z (r+ 'x — 27zk/h]2")dV
—n/h
From this and (4.37) we obtain C(k) = CP™*fork # 0Oand H < h < 1.

In an analogous way we get D(k) = CP"? for k + 0 and H < h < 1, i.e., (4.17)
is fulfilled with t = O and D = CP™%. e

In the preceding two lemmas we supposed that the polynomial P, has no zeros
for H < I < 1. We show the existence of such a polynomial in the following lemma.
We have to consider the system {Ay}_vé(oym) in this lemma since we choose the value
n(H) of the A-admissible function during the construction of the polynomial P,.
As soon as the value n(H) is fixed we find U (as well as the particular system
{A}yec0.0y) In accord with (3.1) of Definition 3.2.

Lemma 4.5. Let ¢ > 0 and f >« 20 be given. Let {A,}, .., = S(R). Let
there exist finite positive constants Iy, To, and I'y such that (3.5) to (3.7) hold
independently of y € (0, w) for any positive integer s. Let n(h) be a A-admissible
Sunction. Let us choose an H € (0, 1) and write n(H) = #.

Then there exists a trigonometric polynomial P, such that(3.17) holds for |x| <
< nfh and (3.18) for x € R (c¢f. Lemma 3.1). Moreover, for a sufficiently large
fj there exists a constant P > 0 such that

(4.38) |[Px)| = P>0
forxeRand H < h < 1.
Proof. We will construct the polynomial P, of the form (3.37) in the way describ-
ed in the proof of Lemma 3.1. Using the same notation as there, we put
(4.39) M=0

i.e., N = B — 1. Let us write

(4.40) [Py x)l— ﬁl h)e"“|

= 0] = 3, Ioh)]

We will show that there exists a constant P > 0 such that
(4.41) |bo(h)] — |bk WzP>0

for H £ h < 1 and a sufficiently large f§. Then we obtain the statement (4.38) of the
lemma from (4.40) and (4.41).
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Let us follow the proof of Lemma 3.1 and solve the system (3.39) with the coeffi-
cients (3.40) by Cramer’s rule. Substituting (4.39) into (3.42) and putting 0° = 1,
we have

1 B-1
(4.42) det (ay(h)) = (=1)y Y ... Y i .lit x
S0 15550
1\ B—1\ 4 Ip-1-B+1 (-1 (B—1-1p_1)
X L)\ n'' Y h) ...y (h) A% "(0) ... AL (0) x
x [0 o (r=2)0 A (B
| 0> ... (r—=2 2 . (B=1)"
| : : :
Ip-1 . Ip-1 lB-1 Ip-1

0t (p =)t (B = 1)

r = 1,2,..., B. The determinant on the right-hand part of (4.42) vanishes whenever
I, = I for a pair of indices from the set Iy, ..., [;_;. We can find that the term in
det ("a;(h)) with the power n°(h) is that with [ = s.
The determinant
12 ... B—1
{122 .. (B—1)

P= Ve (1,2,.., B=1) %0

L (st

corresponds to this term T in the expression (4.42) for the det ("a;(h)). Formulae
(3.5), (4.42) imply the existence of a positive constant Dy independent of # and such
that |T| = D.

Let us choose an arbitrary 0 > 0. Considering the inequality
n(hyz 4 for H<h <1

(following from Definition 3.2) and choosing a sufficiently large £, we obtain that
|det (*a;(h)) — T| < 0 for H < h < 1. Fixing 0 in such a way that Dy — 0 =
= Dy > 0, we further have

(4.43) |det ("aj(h)| = | T + det (“ay(h) — T] =
2 |T| — |det ("ap(h)) = T| = D .
It is bo(h) = det(*a(h))/det (a;(h)). Considering (3.41) and (4.43) we find that there
exists a constant D, such that
(4.44) |bo(h)] = Dy > 0
for a sufficiently large f and H < h < 1.

By the same argument we can show that the term in det ("a(h)) with the power
n°(h) is equal to zero for r > 1 since the corresponding determinant in (4.42) with
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I, = s vanishes. Finally, for an arbitrary 6 > 0, a sufficiently large 4, and H < h < 1
we get

(4.45) b(m) <0, r>1.

The inequality (4.41) follows from (4.44) and (4.45). The lemma has been proven.

5. ANUMERICAL EXAMPLE

The following simple numerical example illustrates the statements of Sections 3
and 4. We solved the same problem as in [3], [7], i.e., the ordinary equation

(5.1) —u"(x) + cu(x) = f(x), xe(0,n), ¢>0
with the boundary conditions

(5.2) u'(0) = u'(n) =0

and the right-hand part

(5.3) f(x) = —sin(d(x — in)), d>0.

The exact solution of this problem is

d cos (4rd) )
+ p— h((x —im) ).
(d*> + ¢) Jech(im /c) ( Ve

Let us solve the problem (5.1) to (5.3) by the finite element method using a universal
hill function @ and the systems associated with it. Let us denote the approximate
solution of the problem sought in the form (3.9) by u, . Since f e H*0. ) for any
f/ = 0 we obtain from Theorem 3.1

IL_,(O,n) = C(ﬂ’ 8) h”+2_ﬁHf”H"(0.n)

for arbitrary ¢ > 0in the way analogous to [2]. Employing Theorem 3 3 and denoting
the approximate solution of the problem in the form (3.48) by uy ,.y» we have finally

SUP>l“/.,q.Y(-\') - “(-")' < C(/)’, B)/’ﬂ”"t”f“mi(o.m .

xe(0,n

ey = u

The universal hill function
and the systems associated with it were used for approximation. These systems were
constructed according to Theorem 4.1, i.e., we put
a,(x) = ps(x)
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where p; is a polynomial of degree 2J with zeros at the points 2xj; |j| =1,...,J,
and
w;k = /1;‘ = qy4 .
Because
a(x) = A(x) = e ¥* Jn,

the A-admissible function (k) of the form (3.44) may be chosen according to Theorem
3.2. The functions wy and } , of the form (3.46) with Y(/) given in (3.47) were used
for actual computation according to Theorem 3.3.

The computation has been carried out in single precision on a Minsk 22 computer
with J, M-associated systems for several values of J, M and various values of the
parameters %o, 1y, €, Yo , Y;, &; of the functions r](h), Y(h) and the parameters ¢, d
of the problem. The system of linear algebraic equations obtained was solved by the
Gauss elimination.

7077

1072 +

7073 +

074 -

1075 b

70—8 1 1 1 1 i 1 1 i 1
20 24 28 32 36 40 44 48 52

° 17 a2 v 3 O 4

Fig. 5.1.

A typical result is shown in Fig. 5.1 where the scale of the variable N = n/h
(horizontal) is linear while the scale of the error (vertical) is logarithmic. The actual
values of the parameters used in computation of the solution in Fig. 5.1 are: n, = 3.8,
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n, =05, g =¢ =0.0001, ¥, ="" Y, =2 ¢ =025 and d = 3. The error of

6° 3
the solution is measured by the quantity

(N + 1) Zolu,,,,,_y(nh) — u(nh)[z)”z.

Line | corresponds to the hill function w (a “0,0-associated system’ in the sense
of Definition 4.1), lines 2, 3, and 4 to the 1,1-, 2,1-, and 1,2-associated systems,
respectively. It means that line 2 describes the approximation by the function w;‘
with a simple zero of A;" at +2x/y; line 3 that by w;‘ with simple zeros of /1;',‘ at
+ 2nfy and +4nfy, and line 4 the approximation by w} with a double zero of A}
at i27r/y.

The graph shows that the error decreases (as N — o0) more rapidly than any poly-
nomial of a finite degree in all the cases. For large N, the error increases due to the
round-off.

The results confirm that the requirement Aj(42n/y) = 0 influences the error
very strongly. On the other hand, the results obtained with J, M-associated systems
for J > 1, M > 1 (lines 3 and 4) are very similar to those obtained with the 1,1-
-associated system (line 2). This means, in accord with our considerations in Sec. 4,
that the part of the error influenced by the behavior of A;‘.‘ out of the vicinity of the
origin is negligible in our example starting from J = 1, M = 1. The other parts
of the error prevail and further zeros of A:‘ or their higher multiplicity cannot im-
prove the total error of the approximation.
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Souhrn
UNIVERZALNI APROXIMACE SYSTEMY KOPECKOVYCH FUNKCT

KAREL SEGETH

Bud {,} systém nekone¢né hladkych rychle klesajicich funkci (definice 3.1) a n(h)
jista rostouci funkce, n(0) = 0 (A-pfipustna funkce, definice 3.2). Pak je aproximace
tvaru

n

Y cwyml(x/h — k) n(h))

k=—o

univerzalni, tj. pro kazdou aproximovanou funkei f dava systém {w,} kopeckovych

funkci nejlepsi mozZny fad aproximace omezeny pouze hladkosti funkce f (véta 3.1).
Systém {w,} lze vybrat tak, aby Fourierova transformace funkce w, méla kofeny

v bodech ian/y; j=1,.... J, kde J je jisté piirozené &islo (definice 4.1, véty 4.1

a 4.2). V dasledku toho se nepfesnost aproximace zmensi (véta 4.3).

Numerické vysledky potvrzuji spravnost uvedenych tvrzeni.

Author’s address: RNDr. Karel Segeth, CSc., Matematicky tstav CSAV, Zitna 25, 115 67
Praha 1.
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