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ON A FUNCTIONAL EQUATION
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(Received December 30, 1970)

Let us consider a region 2 in a Banach space and a system S of strategies, each
strategy being a transformation of & into 2.

We shall make an n-step procedure; we depart from an initial point x, choose n
strategies g, ..., g, consecutively and pass through n points x, = X, ..., X, =
= ¢,X%,—1. This choice yields the result

Ry(x; gy, - q) -

Let us write
(1) I (x) = sup R,(x;qy, .- Gn)-
(q1,--+qn)
We have

I (x) =sup (sup R,(x;4qy, 4z .- qy))-
q
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We shall suppose (similarly to the principle of optimum [1]) that the final result R,
depends in some manner on the initial point x, the first chosen point x, and the result
R, -, of subsequent choice x,, ..., x, the first choice x, made.

Under this assumption we can write
Ry(x; q1, - 4,) = F(x, g1, Ry—y(%45 45, -, 4))
or rather more generally
Ry(x; 41, s 4,) = F(x, g1, R 1(f(x, 41): 42 -, 4))

where F(f) is a function of three (two) variables.
Supposing that F is an increasing function of the last aigument we have

Z(x)=sup sup F(x gq,, R,—(f(x, q1); 425 --., Gn)) =
q

1 (q2,:.-,4n)

= sup F(x, q: En——l(f(x’ ql))) :
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2(x) = lim X,(x) satisfies the following equation
@ 5(+) = sup Fx. 0. 3(1(x. )
ge.

(we suppose that X(x) exists and the interchanging of limits on the right-hand side is

allowed).
We shall show that

the solution of the equation (2) exists under the following conditions:
(i) 2 is a neighbourhood of the origin (in a Banach space),
(i) F satisfies Lipschitz condition in the third argument
|F(x,q,2z) — F(x,q,2')| < a]z - z'|,
(iii) f(x, g)e 2 forall (x,q)e 2 x Sand |[f(x, q)] < c|x|,
(iv) e =ac<1,
() |F(x. 4, 0)] = Bx]

and this solution is unique in the class of bounded functionals.

Proof. We choose a functional ¢, with

€) loo(x)| = A]x]

and proceed by induction

) Gia(x) = sup F (x. 4, a,(f(x, 9)) -
It is

|04 1(x) = 0,(x)| = |sup F(..., 3,) — sup F(..., 0,-1)| <
< sup [F(...,0,) = F(..., 6,_)| £ asup |o,(f(x, 9)) — o, 1(f(x, 9)| .

We make the assumption

! (5) lo(x) — oia(x)] < be'lx]|, 2=i<n
and we have
(5:+1) [0ns1(x) — 0u(x)] = abg"c||x| = bg"“”x” .

It remains to evaluate

(6) loy(x) — oo(x)| = ]st:p F(x, 4, ao(f(x. 9))) — a0o(x)| .
The right-hand side of (6) is less than
,Sllp (F(xs q 0-0) - F(x’ q, O)), + ,Sllp F(x’ 0, O)I + 'ao(x), .
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The first term is (following (ii), (iii) and (3))

<aloo(f(x, @))| < adc|x|,
hence

loy(x) — oo(x)] < ade|x|| + Blx| + A]|x] = [(ac + 1) A + B] ||x|
and this can be made less than bg = bac by the choice

b = [(ac + 1) 4 + B](ac)™*.

The sum a(x) = 0o(x) + ¥ (6,+,(x) — 0,(x)) exists by (iv) and we have o(x) =
= lim ¢,(x) and n=0

() lo(x)] = x| -
Now we shall show that o(x) is the unique solution of the equation (2) in the class
of bounded functionals (i.e. satisfying (7)).

Because we do not suppose more than (iii) and (v) about the function F we proceed
in the following manner:

We have

ISEP F(x, 4, o(f(x, 9))) = ox)| = a sup lo(f(x, 9)) = au- (S, 9))] -
Now |a(x) — a,-4(x)| < ,anaj(x) — 0;_4(x)| and by (5;) we have

|31:p F(x, q, o(f(x, 9))) — 0,(x)] = 0

and so o is a solution.

Let ¢ be a fixed solution of equation (2) and let us consider another sequence
64, 04, ... where o; is a bounded functional and ¢}, = sup F(x, q, o}(f(x, q)))-
Both o, o, are bounded and hence

|o(x) = ao(x)| < Bllx] -
If we suppose
lo(x) — ax(x)] < Be"| x|
then we have
lo(x) — aner(x)| = [sup F(x, 4, o(f(x, q))) — sup F(x, 4, 5,(f(x, 9)))|
< asup |o(f(x, q)) — a(f(x, q))| < Bace"||x| .

Hence by induction a;(x) — o(x).

IIA

When we have another solution ¢’ then we choose 6, = ¢’ and it is o, = ¢’ for
all n and therefore ¢’ = o.
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Souhrn
O JEDNE FUNKCIONALN[ ROVNICI
VACLAV ALDA

Dokazuje se, Ze rovnice

©) o(x) = sup F(x, 4, o(/(x. 9)))

xr 7

za podminek (i)—(v) ma pravé jedno feSeni. Rovnice (2) fesi ulohu o optimalnim
vysledku pifi neomezené vzristajicim poctu rozhodovacich krok v Banachové

prostoru.
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