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Let f(x) be a function defined on the interval 0, 1) and let

m

(1) I(f) =Y af(x) (0= x;<x;<...<x,

k=1

IIA

1)

be any quadrature formula which is exact for every polynomial of degree less or
equal n,n < 2m — 1.') Our aim is to investigate the error

@ E(f) = j F() dx — 1)

in the class WY with
(3) rsn+1.

By W{? we denote the class of functions f(x) such that £~ ")(x) is absolutely conti-
nuous on the interval €0, 1) and f)(x) € L,(0, 1). We will find an explicit expression
for

(4) E* = sup IE(f)!
™, =1
so that for the error E(f) it holds the following exact estimate
(5) |E(| < E*| 7O, -
Let P,_,(x) be a polynomial of degree r — 1 such that
Pr~1(0) =f(0) 4 P;~1(]) = f'(l) d P:’—1(0) :f”(O) LR
P D(0) = foV(0) if ris odd
PUD(1) = £ Y1) if ris even .

m
1) The necessary and sufficient condition is Sexi=/i+1),i=0,1,...,n
k=1
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As r — 1 < n we have E(P,_;) = 0 and if we set f(x) — P.—y(x) = o(x) it holds
E(f) = E(¢). The function ¢(x) satisfies the boundary conditions

o {(p<r~1>(o) if ris odd ,
¢

6) 0= ¢(0), 0=0¢(1), 0= 9"0),
(6) #(0), 0= (1) 0= ¢'(0) C=0(1)if r s even .

Now let us denote by °W{? the space of functions from W$’ which satisfy the
boundary conditions (6). The expression

1
(0.9) = [ 07 () w7 a
0
is a scalar product and W with the norm

lo] = (0. ) = { J Lo dx}”z

is a separable Hilbert space. The functional E(¢) is linear in W’ so that we have
|E(¢)| < E. |o| where E is the norm of the functional E(¢). As E(¢) = E(f) and
HQDH = ilf(')f,LZ we have 1E(f)l <E Hf(')“LZ and obviously

E* = E.

To find E let us consider the sequence

0 (x) = <2>@-1—17 n(zj—l)g—x, i=1,2....

This sequence is complete and orthonormal in °W{”. For this reason it holds the
well known formula

B = B = 3 [E(p))]"

i=1
Now it is sufficient to compute E(¢;) and to sum. We have
E(p;) = /2 2y ! 2*']74—2(, sm(2j—l)n—
! v (2) — 1)2r n2j — g
and

(E*)* =2 (n)lr ,Zl (*»L")z, [TZE 27”1? - Z eesin(2j — 1) n° ‘—T:
(

(42 1 A s = )y )2
“\n 2 =2 - 1)2r+2 = kj:l (2j — 1)

5 [eos (2 = ) mi(x, — x)) —

—cos(2j = 1)z 3(xi + x,)]}.
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If we use Euler polynomials E(x) (see [1], pp. 23—29 and 66) the final result can be
written in this way:

W= (m1y 2 mcc x, — x)|) — E Hxe + x))] —
(7 (9= (-1 2r — 1)1 {“21 k I[Ezhl(ﬂ e = %)) = Ex (3 + x)]
- f‘ y o Ex(3%0) — LE2r+1 0)5.
* 3 o Baliv 0]

=1 r2r + 1

We do not apply (7) to known quadrature formulae to get numerical results as the
reader can find these values in [2] where they were computed in a special way.
Special cases of the formula (7) (r = 1, 2, 3) are proved in [3].
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Souhrn
O ODHADU CHYBY KVADRATURNICH FORMULI

MiLo§ ZLAMAL

Necht f(x) je funkce definovand na intervalu <0, 1> a

m

I(f)=Ycaf(x), 0Sx, <x,<..<x,=1
K=1

libovolnd kvadraturni formule, kterd je pfesnd pro kazdy polynom stupné mensiho
nebo rovného n, n £ 2m — 1. Cilem ¢Elanku je vySetfit chybu

E(f) = f f(x) dx = 1(f)

ve tfidé funkei W (r < n + 1). Pod WY’ rozumime tfidu funkci f(x) takovych,
ze fU71(x) je absolutn& spojitd na intervalu <0, 1> a f(x) e L,(0, 1). Je nalezen
explicitni vyraz (7) pro
E* = sup |E(f)|.
feW (")

e, st

takZe pro chybu E(f) plati pfesny odhad
E()] = B*. 7

Ly
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Pe3rome

Ob OHEHKE OIIMBKN KBAJPATYPHBIX ®OPMYVIJI

MUJIOW 3JTAMAIJL (MILOS ZLAMAL)
IMycts f(x) — dynkuus, onpeaeienuas Ha npomexytke <0, 1> u

I(f)zickf(xk)f 0§x1<x2<...<xm

IIA

Npou3BOJIbHASL KBanpaTypHas (opmysa, KOTOpast SBJISETCS TOYHON sl KaXIOTO
MHOTOUJIEHA CTENEHU MEHbLIeH wiM paBHor n, n < 2m — 1. Llenb pabotsl — uccie-
10BaTh OLIMOKY

E(f) = j () dx — 1)

B kiacce pynkuuit W (r < n + 1). Tlox W MbI nompasymesaeM kiace dyHKIuii
f(x) Taxux, yro f*~")(x) abcomoTHO HempepbiHa B mpoMexyTke <0, 1) u f(x) e
€ L,(0, 1). Haiineno siBHOe BrIpaxenue (7) ais

E* = sup |E(f)|,

e, st

TaK 4TO ISl OLLIMOKHU E(f) UMeEET MECTO TOYHas OLIEHKA
[E(f)] < E* | f©) 1. -
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