Czechoslovak Mathematical Journal

Ivan Chajda
Varieties having distributive lattices of quasiorders
Czechoslovak Mathematical Journal, Vol. 41 (1991), No. 1, 85-89

Persistent URL: http://dml.cz/dmlcz/102436

Terms of use:

© Institute of Mathematics AS CR, 1991

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/102436
http://dml.cz

Czechoslovak Mathematical Journal, 41 (116) 1991, Praha

VARIETIES HAVING DISTRIBUTIVE LATTICES OF QUASIORDERS

IvaN CHAJDA, Olomouc

(Received February 5, 1990)

Let A be an algebra with a set of (fundamental) operations F. A binary relation R
in A is called compatible if it has the substitution property, i.e. if for each n-ary
operation f € F and any elements a;, b; of A (i = 1, ..., n), the following implication
holds: '

ajp, b>eR (i =1,...,n) implies {f(ay,...,a,),f(by,...,b,)>€eR.

By a quasiorder on an algebra A we mean a reflexive and transitive compatible
binary relation on A. It is almost evident that the set of all quasiorders on A forms
a complete lattice with respect to set inclusion; we denote it by 2(A). Hence for each
two elements a, b of A there exists the least quasiorder on A4 containing the pair
<a, b); we denote it by Q(a, b). By [2], the congruence lattice Con A is a sublattice
of 9(A) and, trivially, Q(a, b) = O(a, b) for each a, be A.

Analogously, the set 2(A) of all reflexive and compatible (so called diagonal)
binary relations on an algebra A forms a complete lattice with respect to set inclu-
sion. On the other hand, neither Con A4 nor .Q(A) is a sublattice of @(A) in the gene-
ral case, see [2]. Hence for each a, b of A there exists the least reflexive and compa-
tible binary relation containing the pair {a, b); we denote it by R(a, b). Evidently,
R(a, b) = Q(a, b) for each a, b of A.

B. Jénsson [3] gave a Mal'cev type characterization of varieties of algebras whose
congruence lattices are distributive. A certain polynomial characterization of varieties
whose members have distributive lattices of reflexive and symmetrical compatible
relations (so called folerances) is contained in [1]. The aim of this paper is to
characterize varieties of algebras whose lattices of quasiorders are distributive.

Lemma 1. Let A be an algebra and a, b, x, y € A. Then {a, b) € Q(x, y) if and
only if there exist an integer k = 0 and elements d,, ..., d, € A such that a = d,,
b=d, and {d;,d;y,yeR(x,y) for i =0,..,k — 1.

Proof. Evidently, Q(x, y) is a transitive closure of R(x, ), thus <a, b) € Q(x, y)
if and only if

{a,bY e B(x, y) o R(X, ) oo If(x, y). O

k— times
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Lemma 2. Let A be an algebra and a, b, X, y, z,ve A. Then
<a, by € Q(x,y) v Qz,v)

(in the lattice Q(A)) if and only if there exist an integer n = 0 and elements
Cos -+» Cy € A such that ¢cq = a, ¢, = b and

{CisCiv1) € R(X, .V) for i even, and

{ci»¢iv1p €R(z,v) foriodd.

Proof. By virtue of the reflexivity of Q(x, ¥), Q(z, v), R(x, y), R(z, v), the sequence
Cos --., €, Of elements of A can be assembled in a way that {c¢;, ¢;+ ) € R(x, y) for i
even and {c;, ¢;+;» € R(z, v) for i odd. The rest of the assertion follows directly
from Lemma 1 and the fact that Q(x, y) v Q(z, v) is the least quasiorder containing
0(x, ) v 0= 2. O

- Lemma 3. Let 4 be an algebra and a, b, x, y e A. Then {a, b) € R(x, y) if and
only if there exist an algebraic function ¢ over A and elements cy,...,c,€ A
such that
a=9(x,cp,.n6), b=0o(y.cy...c).

The proof is straightforward (see e.g. [2]). [

Theorem. For a variety ¥, the following conditions are equivalent:

(1) Q(A) is distributive for each Ae ¥,

(2) there exist ternary terms py, ..., p, and 4-ary terms t;, g, r; (i = 1,...,n — 1)

such that x = py(x, y, z), z = p,(x, y, z) and

pi(x’ y, Z) = t[(X, X, ), Z) ’ pi+1(x’ Y, Z) = ti(z’ X, Y. Z) f()r
i=0,...n—-1,

pi(x’ Y, Z) = qi(xa X, ¥, Z) ’ pi+1(X, Vs Z) = qi(ys X, Y, Z) for i even >
pdx, v, 2) = ry. x, 3. 2) . piea(x, y,2) = 1z, x, y,2) foriodd.
Proof. (1) =(2): Let A4 = F,(x, y, z) be a free algebra of ¥~ with three free

generators x, y, z. By Lemma 2, we have

2> Q(x, 2) A (Q(x, ) v Oy, 2)) -
Distributivity of 2(A) implies

<z efQ(x2) A 00 1] v [0(x,2) A Q0. 2)].
thus, by Lemma 2, there exist elements c,, ..., ¢, € A such that ¢y = x, ¢, = z and

{ei¢is1> € R(x,z) A R(x, y) for ieven,

{¢i.¢iv1) €R(x,z) A R(y,z) foriodd,
thus

eicivDpeR(x.z) for i=0,... n—1,
{¢iciv1DeR(x, y) for i even

{einCiviye R(_)', :) for i odd .
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Since ¢; € Fy(x, v, z), there exist ternary terms p(x, y, z) such that ¢; = py(x, y, z).

By Lemma 3, there exist 4-ary terms t;, q;, I; (i =0,...,n — 1) with

o
Il

=1, x,y,2), ¢y =1z, x,p,2) for i=0,...,n—1,

o
I

i qi(xs X, Y, Z)* Cit1 = qi(yy X, ), Z) fOr i even,

S
|

=r{y.,x,9,2), ci4q=rdz,x,y,z) for i odd.

(2) = (1): Suppose A€ 7 and Q, R, T are reflexive and compatible binary rela-

tions on 4. We prove

(%) QARST)S(QAR)(QAT)o...o(Q AR)(QAT)

where the relational product on the right side of () contains n factors for some

integer n = 2.

Suppose <a, by € Q A (Ro T). Then <a, b) € Q and there exists an element d € 4
such that <{a,d) e R and {d, by e T. Put ¢; = p(a, d, b) for the polynomials p;

in (2). Since Q, R, T are reflexive and compatible, we obtain by (2) also
{ciyeivyy = {ta,a,d, b), t{b,a.d, b)ye Q foreach i

moreover ¢, = da, ¢, = b, and

{eineivy = <qa, a,d, b), q(d,a,d,b)>eR for i even and
(i Cipyy = <rid,a,d, b), r{b,a,d, b)yeT for i odd.

Hence

a,b>e(Q AR)o(Q AT)o...c(Q AR)(Q AT)

which proves ().
Now, suppose Q, R, S are quasiorders on 4 and
{a,beQ A (R V S).
Then <a, b) € Q and there exists an integer m = 2 such that

<(1.[)>€RoSoRoSo...oRoS.

m times

Put T=SoRoSs...0RoS. Then Tis reflexive and compatible and

m—1 times

{a,bpe Q A (R-T).
By (), we have

a,b)e(Q AR)o(QAT)o...0c(Q AR)o(Q AT).
Now, put T, = &7 So...oRoS. Then T= S, T, and, by (%),

—

m=—2 times
OAT=QA(S.T) <
< Q/\S)a(Q/\Tl)o.,.o(Q/\S)o(Q/\Tl).

., n;
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Applying this method (using () successively, we obtain after a finite number of steps
<a,bYe(Q AR)o(Q A S)o...0c(Q AR)o(Q A S).

Since Q, R, S are quasiorders, it means that
<a,be(Q@ AR) v (Q A S)

which proves (1).

Example I. Let Lbe a variety of lattices. We can put n = 2,

po(x, ¥, z) = x,
pix, v, z)=(xAp)v(yAz)Vv(xnaz),
pa(x, y,2) = z.

Moreover, put
go(w, x,y,z) =(x Aw) v (wAz)V(xAz),
rw,x,y3,2) =(x Aw)v(waz)v(xaz),
tofw, X, 9,2) =(x Ay) V(y Awv(xaw),

tiw,x,3,2) =W Ay v(yAaz)v(waz).
Then

Po(x, v, z) =x=(x Ay)v (¥ Ax)V(xAx)=14x,x,p2),

pl(xﬁ ,V, Z) = tO(Z; X, Y, Z)
and

pi(x, ¥, 2) = ty(x, x, v, 2),
pax, v z)=z=(zAry)v(yAaz)v(znaz)=1t(zx0yz2).
Moreover, for i even we have
Po(x,y,2) = x =(x A X) vV (x A 2) = qo(x, X, , 2),
pi(x, ¥, 2) = qo(v, x, ¥, 2)
and for i odd we obtain
pi(x, ¥, 2) = ri(y, x, v, 2),
paAx, y,2) =z = rz, x,y, 2).
Hence every lattice variety has distributive lattices of quasiorders.
Example 2. As was mentioned above, Con A is a sublattice of .@(A) for any
algebra A. Hence, distributivity of 2(4) implies also distributivity of Con 4, i.e.

the Mal’cev condition (2) of Theorem ought to imply the existence of the Jdnsson

terms for distributivity of congruences. However, this is easy, since (2) immediately
gives

pix, v, x) = tix, x, y, x) = pisy(x, y,x) foreachi,
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pix, x, ¥) = qix, x, x, p) = p;s4(x, x, ) forieven,
Pi%, ¥, ¥) = 1y, X, 5, ¥) = piss(x, y,y) foriodd,

thus the terms po(x, y, z), ..., p,(x, y, z) in (2) of Theorem are the Jonsson terms,
see [3].
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