Czechoslovak Mathematical Journal

V. R. Chandran
On a problem of B. Zelinka, II

Czechoslovak Mathematical Journal, Vol. 37 (1987), No. 1, 125-127

Persistent URL: http://dml.cz/dmlcz/102141

Terms of use:

© Institute of Mathematics AS CR, 1987

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/102141
http://dml.cz

Czechoslovak Mathematical Journal, 37 (112) 1987, Praha

ON A PROBLEM OF B. ZELINKA, II

V. R. CHANDRAN, Madras

(Received August 19, 1985)

In [2], B. Zelinka has posed the following problem viz whether there exists
a commutative semi-group such that each tolerance relation is compatible with its
element set? In [1] we have given an example of such a semi-group. The purpose of
the present paper is to give a complete characterisation of B. Zelinka’s problem. For
definitions and notation refer [2]. Now we prove the following two theorems which
completely characterize the problem of B. Zelinka.

Theorem 1. Let (S, *) be a commutative semi-group with a multiplicatively
zero element. Let ‘SI = 3. Then every tolerance relation in (S, *) is compatible
with its element set if and only if (S, *) is a zero semi-group, i.e. the product of
any two elements is zero.

Proof. If part. Proof is exactly the same as in the example of [1]. Only if part.
Let a, b be two distinct elements in S different from 0. Suppose a * b + 0, then
axb=aor a+*b + a. Casei. ax*b = a. Define a tolerance relation ¢ in S as
follows. ¢ = {(x,x)| xe S} U {(a, b), (b, a), (0, b), (b, 0)}. We shall show that this
tolerance relation ¢ is not compatible with its element set in S. For boa and 0 ¢ b
but (b %0, a * b) = (0, a) ¢ ¢, a contradiction. Case ii. a * b # a. In this case define
a tolerance relation T in S as follows. T = {(z, z) | ze S} U {(a, b), (b, a), (0, a),
(a,0)}. Now (a, b), (0,a)e T but (a*0, bxa)=(0,a=b)¢T. Hence T isnot
compatible yielding a contradiction. Hence the product of any two distinct elements
is zero. Now, it remains to prove that a * a = 0 for every a € S. If a * a & 0, then
a*a=aoraxa =+ a.Since |S| = 3, S contains an element b different from 0 and a.
Case iii. a * a = a. In this case define a tolerance relation ¢’ in <S8, ) as follows.
o = {(s,s) | se S} v {(a, b), (b, a), (0,b), (b,0)}. Now ag b, ag 0. But (a=*a,
b % 0) = (a,0) ¢ ¢’. Hence ¢’ is not compatible. Case iv. a * a # a. In this case,
define a tolerance relation T’ in ¢S, *) as follows. T' = {(s, s) | s e S} U {(0, a),
(a,0)}. Now (a,a)e T" and (0, a)e T" but (a 0, a * a) = (0, a * a) ¢ T", yielding
a contradiction. Hence the theorem is proved.

Remark. There is meaning in taking |S‘ = 3. For now we give an example to
show that the theorem is not true when |S| = 2. Let S = {a, b}. The mutiplication
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table of (S, %) is given below.

* ’ a b
a a b
b b b

One can easily check that every tolerance relation in <S, *) is compatible and
obviously ¢S, %) is not a zero semi-group.

Now, we are going to prove a theorem which is more powerful than theorem 1.
We need the following definition.

Definition. A commutative semi-group (S, *) is called a Zelinka semi-group if
and only if every tolerance relation in <S, *) is compatible with the elements of S.

Theorem 2. Let <S, *) be a commutative semi-group. Let |S| = 3. Then S is
a Zelinka semi-group if and only if S contains a multiplicatively zero element and
the product of any two elements in S is zero.

Proof. If part. Follows from theorem 1. Only if part. It suffices to prove that
{S, *) contains a zero element, for then the result follows from theorem 1. Let a be
any element in S. Now the set a * S is either a single element set or contains more
than one element.

Casei.|a=S| = 1. Let a xS = {x} where x € S. Now clearly x is a zero element
inSforx«S=(axS)xS=ax(S*S) < axS = {x}. This implies x is a zero
element in S and the result that the product of any two elements is zero follows
from Theorem 1.

Case ii. |a * SI > 1. Then a * S contains at least two distinct elements x, y.
Clearly x =+ y.

Sub casea. x = y, X,y & a. Since x,yea*S, a*b = x, a*c =y for some
b, ¢ in S. Now, let 4 be a tolerance relation defined as follows. A = {(s, s) | seS}u
u {(b, ¢), (¢, b)}. Now, since 4 is compatible, (a, a), (b, ¢) € A implies (a * b, a * ¢) =
= (x, y) € A. Hence the possibilities are x = b, y = corx = ¢, y = b.

Sub casea—i.x=b,y =c. Nowwehavea *b = b, a*c = c¢. Let B be a toler-
ance relation in (S, *) defined as follows: B = {(s, s) | seS}u{(a,¢), (¢, a), (a, b),
(b, a)}. We shall show that B is not compatible. Now (a, ¢) € B and (b, a) € B. But
(a*b, cxa)=(b,c)¢B yielding a contradiction. The next possibility is x = ¢
and y = b.

Subcase a—ii.x =¢,y = b. Now we have a xc = band a * b = ¢. Let C be
a tolerance relation in (S, *) defined as follows. C = {(s, s)|se S} u {(a, b),
(b, a)} v {(a, ¢), (¢, a)}. Now (a, b), (c,a)e C but (a*¢, b*a) = (b, ¢c) ¢ C, since
x=¢,y=>band x % yand x, y + a. Hence, C is not compatible, a contradiction.

Sub case b. x # y and at least one of x, y equals a. W.LO.g. assume that x = q,
y+ a. Nowax*b =aanda*c = y. Let D be a tolerance relation defined in {S, %)
as follows, D = {(s, s) | se S} u {(a, b), (b, a), (a, c), (c, a)}. By assumption D is
compatible. Hence, (a, b), (¢, a) € D implies (a ¢, b x a) = (y, a) € D. Since y =+ a,
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the possibilities are y
impossible.

Sub case b—i. y = b. Then we have a*y = a and a*c = y. Since y * a,
clearly y # ¢ for y = ¢ implies @ * y = a * ¢ which implies a = y which is a contra-
diction. Let E be a tolerance relation defined in S as follows. E = {(s, 5) | se Stu
v {(», ¢), (¢, »)}. Since E is compatible (a, a) € E, (y, ¢) € E implies (a * y, a * ¢) =
= (a, y) € E which implies y = a or ¢ = a. Clearly y + a. Hence, other possibility
is ¢ = a. We shall show that this is also impossible. Let ¢ = a. Now we have a * y =
= a and a * a = y. Since \SI 2> 3, there exists an element d distinct from a and y.
Now by assumption a, y, d are three distinct elements in S. Let F be a tolerance
relation defined in (S, *)> as follows. F = {(s,s)|se S} u {(»,d), (d, y)}. Now,
(a,a), (y,d)eF and since F is compatible (a * y, a *d) = (a, a * d) e F which
implies a # d = a. We shall show that a *d = a is also not possible. For let G be
a tolerance relation defined in <S, *) as follows. G = {(s, s) | s € S} U {(a, d), (d, a)}.
We shall show that G is not compatible. Now (a, a), (a, d) € G. But (a * a, a x d) =
= (y, a) ¢ G yielding a contradiction.

Subcaseb—1ii.y = c. Then wehavea * b = aand a * y = y. Let H be a toler-
ance relation defined as follows. H = {(s, s) | se S} u {(b, y), (¥, b)}. Since H is
compatible, (a, a), (v, b)e B implies (a * y, a * b) = (y, a) e H. The possibilities
are y=agory=>borb=aq Sincey+a, b=yorb=a.Sincex+y, x=0>b
and y = ¢ we have y & b. Hence the remaining possibility is b = a. In this case,
axa=aand axy=y. Since |S| = 3, and a # y, there exist an element d dif-
ferent from a and y. Now let I be a tolerance relation defined in {S, *) as follows.
I={(s,s)|seS}u{(a,d),(d,a)}. Since I is compatible (a, a), (a,d) eI implies
(axa,axd)=(a,axd)el. Hence a*d = a or d. We shall show that both the
possibilities are impossible. Suppose a * d = a. Now define a tolerance relation J
in (S, *) as follows. {J = (s,s)|seS}u {(d, ), (y, d)}. Now, (a,a),(y,d)eJ.
But (a *y, a*d) = (y,a)¢J showing that J is not compatible, a contradiction.
Next possibility is a * d = d. Let K be a tolerance relation defined in S, *) as fol-
lows. K = {(s, s) | se S} U {(a, y), (», a), (a, d), (d, a)}. Now (a, y), (d, a) € K. But
(a*d, y*a)=(d,y)¢K, since a, y, d are distinct elements thus yielding a contra-
diction.

All these contradictions show that a * S contains only one element say x. So by
case (i), x is a zero element of (S, *)». Now by theorem 1, (S, *> is a zero semi-
group. (Q.ED.).

Finally, I wish to express my thanks to the refereree.

b or y = c¢. We shall show that both these possibilities are
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