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INTRODUCTION

The development of the study of time-periodic solutions to partial differential
equations of evolution arises in the thirties of this century. The generalizations to
abstract differential equations appear subsequently. There exist today about 500
works concerning this subject. We refer the reader to the monograph VEIVODA ET AL.
[15] where an extensive list of bibliography as well as a great number of various
methods and approaches can be found.

The purpose of the present paper is to develop the Fourier method for finding
periodic solutions of abstract differential equations of the first and second orders
in t
(0.1) w4+ (A+c)u=g+eF(u)

(0.2) u +(a+ bAu +(A+c)u=g +¢eF(u),

where A is a linear and F a nonlinear operator, a, b and ¢ are real constants and
g€ [ —e&o, &]. For the theory and bibliography of n-th order abstract equations see
STRASKRABA [13].
We shall look for a solution in the form of the Fourier series with 1espect to the
system
{e*iitloy,; jeZ, ke N},

where v, is the complete set of eigenfunctions of the operator 4 and w is a given
period. In terms introduced in [15] we deal with the so called ““time-space” Fourier
method which belongs to the class of direct methods operating with periodic functions
from the very beginning in contrast to the indirect ones where one solves first a related
problem (for example, the corresponding initial-value or initial-boundary-value
problem) and only then the w-periodicity is ensured. The well-known method (the
“space”-Fourier method) when a solution is expanded with respect to {v;; ke N}
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may serve as an example of the latter class. When expanding with respect to {e?"//%;
Jj € Z} we obtain the so called “time”-Fourier method (which will be used in Section
8), another representant of direct methods.

It is convenient to work in Hilbert spaces since they offer both sufficiently simple
and effective criteria for the convergence of series. We shall suppose that the opera-
tor A (which is independent of 1) is self-adjoint, bounded from below with a compact
resolvent, or, without loss of generality, positive definite with 4~! compact. The
conditions imposed upon A make it possible to develop a relatively simple theory
which still covers a large number of situations encountered in mathematical physics.
Let us note that a great advantage of this method consists in the fact that the original
differential problem is reduced to an algebraic problem.

The preliminary Section 1 is concerned with periodic vector-valued functions.
We define for them the Sobolev spaces and give their characterization by means of
the behaviour of Fourier coefficients of the function with respect to the system
{e*J!/*; je Z}. Let us remark that we deal with spaces of both integer and fractional
orders, i.e., with both integer and fractional time derivatives.

In Section 2 we introduce the assumptions which play a role of basic importance
in what follows. We state a lemma that forms a theoretical background of the Fourier
method.

In the following three sections the equations (0.1) and (0.2) with & = 0 are investi-
gated. For (0.2) the cases la| + lbl >0 and a = b = 0 are treated separately.
We begin with the study of weak solutions, the results on the strong solvability are
postponed to Section 7. In Sections 3—5 we use the (so called energetic) extension
of the operator 4 and the solutions are looked for in spaces of functions with finite
energy (having a good physical meaning).

In Section 6 we indicate some simple methods how to use the results obtained
for the linear case for the study of the (weakly) nonlinear problems (0.1) and (0.2).

The regularity of solutions may be investigated also by means of the time-space
Fourier method. A basic tool in the proof is Lemma 7.2. Its application is easy but
it should be noted that the results in concrete cases are not very favourable. Namely,
we must work in domains of certain powers of the operator 4. For example, if 4 is
a partial differential operator, g, Ag, A*g, ... should fulfil (for a.e. t) the boundary
conditions of the given problem (cf. [5]). The requirement that these conditions be
satisfied is forced by the method used but it is needless for the existence of a smooth
solution. We wish to have at our disposal a regularization theory which makes the
use of these conditions unnecessary. Its development is presented in Section 8. Let
us remark that some similar regularity results concerning the telegraph and wave
equations are derived in [12].

Finally, in Section 9 the results are applied to partial differential equations with 4
a second order elliptic operator. The theory can be applied also to the operators the
eigenfunctions of which are orthogonal in a weight space. As an example, the Laplace
operator in polar coordinates is considered.
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Throughout this paper we use the following symbols:

C the set of complex numbers

R the set of real numbers

VA the set of integers

N the set of positive integers

cl closure of a set

lin linear hull

Q embedding (algebraic and topologic)
Z(X;Y) space of linear continuous operators L: X — Y
dom domain of definition of an operator
im image (range)

ker kernel (null space)

L l X, restriction of an operator

~ equivalence of norms

X’ dual (antidual) to X

[X,Y]e interpolation space (see [8])

P projection

Pe = I — P (I identity operator)

w a positive real number — period

v = 2n/w

U, U™ see p. 195
UGS, UV see p. 199
0@ 0 see p. 183

1. SOME FUNCTION SPACES

Let X be a Banach space.

By the symbol C(w; X) we denote the space of functions u : ® — X that are w-
periodic and continuous. Under the usual norm C(w; X) is a Banach space. Let
C*(w; X) be the space of u : R — X w-periodic infinitely differentiable. Defining
the family of pseudonorms py(u) = max |u®(1)|y, C®(w;X) is a local convex
space. 10,01

Further, 2'(w; X) = £(C*(w; X); X,,) where X,, stands for X endowed with the
weak topology. The elements of 2'(w; X) are called periodic distributions. 2'(w; X)
is a local convex space (complete if X is reflexive) if the family of pseudonorms is
given by p, [(u) = [<f, u(e)>|, ¢ € C*(w; R), fe X', ue P'(w;X) ({f,v)> means
the dual pairing between the functional f lying in X’ and the element v of X).

By L,(w; X) we denote the space of (equivalence classes of) functions u : R — X
that are w-periodic and Bochner integrable over (0, ). L;(w; X) is a Banach space
with the norm [ [|u(2)] x dt.
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Any function u € L,(w; X) determines a unique periodic distribution — denoted
again by u — by the rule u(p) = [5 u(t) ¢(t) dt, ¢ e C*(w; R); consequently,
Ly(w; X) = 2'(w; X). For ue 2'(w; X) the distribution derivative is defined by
w(p) = —u(¢’), ¢ € C*(w; R).

By L,(w; X) (or sometimes W3(w; X)) we denote the space of (classes of ) functions
u : R —» X that are strongly measurable, w-periodic and

- ( j RECE a) <.

This norm makes L,(w; X) a Banach space. We have L,(w; X) C Ly(w; X).

For re N, we denote by W;(w; X) the space of (classes of) functions u : R —» X
whose (distribution) derivatives up to the order r belong to L,(w; X). W;(w; X) is
a Banach space with the norm

,
il o = (5 6 a0

If r is a positive non-integer then we define Wj(w; X) as a subspace of Wi(w; X)
([r] means the largest integer less than r) of (classes of) functions for which

I(u) = rr’ J(0) — u™ )]k dtds < w.

oo |t _ S|1+2(r—[r])
Wj(w; X) equipped with the norm

lullwarwny = ([ullarrom + ()"
is a Banach space.

Remark 1.1. We note that other equivalent definitions of the space Wzl(w; X)
(and of course of W;(w; X), r € N) are possible. For instance,

W3 (w; X) = {u; u:R > X, there is ve Ly(w; X), J’ v(t)dt =0
()

and (i) = u(0) + J'u(z) dr},

0
or

Wi(w; X) = {u;u:R > X, u is w-periodic, locally absolutely continuous, the
(strong) derivative u/(t) exists almost everywhere (the latter is a consequence of the
absolute continuity in case of a reflexive X) and u’ € L,(w; X)} .

The spaces Wj(w; X) for r non-integer can be defined by means of the interpola-
tion. Our definition modifies that due to Aronszajn. ®

If X is a Hilbert space, then W;(w; X), r 2 0, are also Hilbert spaces.
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Lemma 1.1. Let X be a complex separable Hilbert space and r = 0. Let u €
€ Ly(w; X) and denote

u; = w‘l/zj e”™Mtu()dt, jezZ, v=_2no.
0
Then u € W(w; X) if and only if
@
(1.1) X () ik < oo
j=-

The condition being satisfied,

0
u(t) = 0 2y ey,

j=—w
where the series converges in the sense of W;(w; X). Moreover, the norm in Wj(w; X)
is equivalent to that defined as the square root of the series in (1.1).

The proof for r integer is easy and for r non-integer presents a slight modification
of the proof of Theorem 7.20 in [4].

Remark 1.2. The assumption of separability of X is not substantial. The assertion
suffices for our purposes since we shall deal only with separable Hilbert spaces (see
Remark 2.1). Evidently, one can also relax the condition that X is complex. ®

We conclude this section by some embedding theorems. Their proofs follow from
Lemma 1.1 (Lemma 1.2, 1.3 (a)) or may be found in [7], [8].

Lemma 1.2. Let X be a Hilbert space and 6 > 4. Then
Wi(w; X) Q C(w; X) .
Lemma 1.3. Let V and H be two Hilbert spaces and V(Q H C V' densely. Then

(a) Ly(w; V) o Wi(w; V') Q Wi (w; H);
(b) Ly(w; V) n Wy (w; V') Q C(w; H) *).

Lemma 1.4. Let X,, X and X, be Hilbert spaces, Xo QX Q X, and X, QX
compactly. Let 5 > 0. Then Ly(w; X,) n Wi(w; X,) Q L,(w; X) compactly.

2. BASIC ASSUMPTIONS

Throughout the whole paper suppose that we are given

1. two (complex) Hilbert spaces V and H such that V C H densely and compactly;
2. a continuous sesquilinear form ((*,)) on V x V that is V-elliptic and symmetric.

*) The norms on intersections of spaces are defined as usual.
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The form ((+, +)) is an inner product on V. Without restricting generality we may
assume the space ¥ normed by |ul, = ((u, u))*">.

Identifying H with its antidual and denoting by V' the antidual to ¥, we obtain
VQ H Q V' and both embeddings are dense. The inner product on H as well as the
dual pairing between V' and V is denoted by the bracket {:, ->.

The form ((*, *)) determines a unique operator

a:v-Yv
such that
((u,v)) = <au, vy, u,veV.

The following result is well-known.

Lemma 2.1 (Lax-Milgram). The operator @ is an isometric isomorphism of V
onto V'.

Note that the inner product in V' satisfies (u, v)y. = (@ 'u,a""v)), u,ve V.

Denote b = @™* | V. It is immediate that b : ¥ — V'is a positive symmetric com-
pact operator. Using the well-known results on the spectrum of such operators we
find that there exists a countable set of eigenvalues of a, the multiplicity of any eigen-
value is finite, the only limit point of the eigenvalues is o and we can arrange them
(taking into account their multiplicity) as follows:

O0<A =4, =45 ...
The corresponding system
Vg, Ugy e

of eigenvectors can be chosen to form a complete orthonormal set in H. The systems

-1/2 —-1/2
AP0, A3 10, ...
and

11/2 1/2
Moy, AP0, .

then form complete orthonormal sets in ¥ and V', respectively.

Remark 2.1. The above assumptions imply that the spaces Vand H are separable. ®

The system
(2.1) : {w™12eMy; jeZ, ke N}
forms a complete orthonormal set in L,(w; H) (and a complete set in L,(w; V) and
Ly(w; V')

The next lemma is of basic importance in the following sections. The spaces
Ws(w; V), Wy(w; H) (r 2 0) and L,(w; V') will be characterized by means of the
behaviour of Fourier coefficients of a function with respect to the system (2.1). For
this purpose we introduce the following definition.

182 .



For r 20, s = —1 we denote by U the Hilbert space of sequences # =
= {uy; j€ Z, ke N} of complex numbers such that

' “ﬁ"t’("’) = (Zk(l + ljllr) }"S(lujkIZ)l/Z < 00. *)
s
Further, we set 0" = 009 ~ 0©9),

Lemma 2.2. The mapping
(2-2) us {w””"f Cu(t), vy etde; jeZ, ke N}
0

is an isometric isomorphism of

(@) Ly(w; H) onto U°°;
(b) Ly(w; V) onto U
(¢) Ly(w; V') onto ot

and a topological isomorphism of

(d) Wj(w; H) onto U™°,
(e) Wi(w; V) onto U (r >0).

The inverse mapping is given by
. F-1 - P
{up; jeZ, ke N} = 0~y u; e,
ik
(where the series converges in the sense of the respective space).

The proof of (a)—(c) is immediate, for (d), (¢) see Lemma 1.1.

3. FIRST-ORDER EQUATIONS

We shall deal with the following problem: let

geL,(w; V') and ceR
be given. We look for
u e Ly(w; V)
such that

(3.1) Lusv +au+cu=g.

*) Here and hereafter Y, means the summation over je Z and ke N.
Jik

183



The equation (3.1) is meant in the sense of 2'(w; V’); hence it should hold

u'(@), wy + <au(p), w> + c{u(p), w> = <g(¢), w)

for all ¢ € C*(w; R)and we V.

Taking into account the equation (3.1), the assumption on g and the fact that
ae Z(V; V') one obtains u’ € L,(w; V). (Thus we can establish the meaning of (3.1)
in the point sense.)

The operator L, is defined on Ly(w; V) A W)(w; V') and obviously L, e
€ Z(L,(w; V) n Wy (w; V'); Ly(w; V')). In the sequel we shall formulate the results
on solvability of the above problem via the properties of L, (and similarly in the fol-
lowing sections).

5

Remark 3.1. If u is a solution then u € C(w; H) by Lemma 1.3 (b).

Remark 3.2. The problem may be equivalently formulated by means of the
integral identity. Indeed, a function u is a solution if and only if u € Ly(w; V) and

—J: @, u()y dt + J:((u(t), o)) dr + cj;u(u(t), o) di = j :(g(t), o)) dt

for all ve Ly(w; V) n Wi(w; V'). m

We shall look for a solution in the form of the Fourier series

(3-2) u(t) = o172 Z}‘ u ey,
Js
where
(3.3) Uy = w‘”zj. Cu(t), vy e dt .
0

By Lemma 2.2, u € Ly(w; V) if and only if
(3.9 Zklklujklz < .
Js

The square root of this series defines the norm of u in the space L,(w; V).
Similarly,

(3.5) g(t = @12 Z gjkcinguk ’
ik
(36) gjk = w"lIZ-[ (g(t), U,,) e—ivjt dt
0
and
() (ol = (535 oul " < .

Inserting (3.2) and (3.5) into (3.1) we obtain easily the following system of equations
for uy:
v+ A +cup=gp, jeZ, keN.
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Let us distinguish two cases:

(3.8) c# —J forall keN;
(3.9 thereisa koe N such that
)"ko"‘l < —Cc= }‘ko = A’ku'f'l = ol = }‘ko‘*‘m—l < Ako+m ()"0 = 0) N

i.e., —c is an eigenvalue of a of multiplicity m.
In the case (3.8)
(3.10) up =0+ A4 +c) gy, jeZ, keN
which yields
4] Zaoiry = j%’lkl“fklz = g‘"lk("zjz + (A + €))7 gal* =
< const.j% A gul* = const. |g] vy -

The series (3.2) with u, defined by (3.10) gives the only solution of our problem.
Evidently, |u’[|z,;v+) < const. ||g]r,cww-)- We have proved that the operator L,
is an isomorphism of L,(w; V) n W, (w; V') onto Ly(w; V).

If (3.9) takes place, then in view of the formula for u

ker L, = lin {e™'v; (j, k) € &4}
where

(3.11) Fy={(0,K); k =koy..r ko + m — 1}

and the necessary condition of solvability is Pg = 0 if P denotes the orthogonal
projection of L,(w; V') onto the subspace lin {¢"/'v,; (j, k)€ &,}. It is even suf-
ficient since the above estimates yield the existence of the continuous right inverse
operator L' = (L, |dom L, nim P9)™! :im P° > dom L, nim P°. (In what fol-
lows, the inverse as well as the right inverse operator to L,, n = 1,2, 3, 4, will be
denoted by L;l.) The general solution of the problem is given by u = v + w, where
veker L,, wis the unique solution from the subspace orthogonal to ker L; and is
given by w = L 'g.
Summarizing our results we get the following theorem.

Theorem 3.1. The operator L, is a Fredholm mapping of index zero*) for all
¢ e R. More precisely:

1) Let (3.8) hold. Then
Lyt e L(Ly(w; V'); Ly(w; V) 0 Wy(w : V')
*) Le., im L, is closed and dim ker L; = codimim L; < oo.
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2) Let (3.9) hold. Then

ker Ly = Ly(w; V) nim P, dimkerl; = m
and
L' e Z(Ly(w; V') nim P Ly(w; V) 0 W(0; V') A im P°),

where P is the orthogonal projection L,(w; V') onto lin {vy, ..., v 4 m—1}-

Remark 3.3. The case of non-trivial kernel is said to be critical (or resonance),
the opposite case is said to be non-critical (non-resonance).

4. SECOND-ORDER EQUATIONS WITH DISSIPATIVE TERMS
We are interested in solving the equation
W+ (a+ba)u +(@+cu=g

where a, b,ce R and |a| + |b| > 0.

Casel: b £ 0.
It is to find
ue Wy(w; V)
such that
(4.1) Lu=uw +(@+ba)u+@+cu=g,

where g € Ly(w; V).
The equation is meant in the sense of 2'(w; V’). If u is a solution, then u” €
€ L,(w; V’). Evidently L, e Z(W;(w; V) 0 Wi (w; V'); Ly(w; V')).

Remark 4.1. A function  is a solution if and only if u € W, (w; V) and
—rou(t), V() dt + f “(Bw () + (i), o)) dr + I“}a w(1) + e u(i), oft)) dt =
o [} (o
= J‘ <g(t), v(t)) dt
o

for all ve Ly(w; V) n Wi(w; H).

Remark 4.2. If u is a solution, then u € C(w; V) and u’ € C(w; H), by Lemma 1.2
and 1.3(b). =

We look for a solution again in the form (3.2). By Lemma 2.2, u € W, (w; V) if
and only if

(4.2) N4l iy ~ R+ Afunf? < o0
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Using the expansion (3.5) we arrive at the system for u

(=v* + A+ c+ivjla+bl)uy=9gu, jeZ, keN.

The coefficient at uj, vanishes if and only if either (3.9) holds or %, = —a/b and
(cb — a)[bv* is a perfect square. Denote
43) F, =20 {(j, K); (,K)eZ x N, b = — %, = Cbbv: a}
(for &, see (3.11)). Taking into account the estimate
(L +j%) A& < const. (L R)eZ x NNy,

(=V%2 + A + ¢)® + vij*(a + bA)? A

(4.2) and (3.7), we obtain the following result.

Theorem 4.1. The operator L, is a Fredholm mapping of index zero for all
a,b,ceR, b +0.

More precisely:
1) Let &, = 0. Then

L' e L(Ly(w; V'); Wi(w; V) n Wi(w; V') .
2) Let &, # 0. Then

ker L, = Wj(w; V) nim P, dimkerL, = card ¥, <
and

L;' e Z(Ly(w; V') nim P Wy (w; V) n Wy (w; V') nim PY),
where P is the orthogonal projection of L,(w; V') onto lin {e'v,; (j, k) € &#,}.
Case 2: b = 0 (hence a + 0).
We treat the problem of finding

u e Ly(w; V) n Wy (w; H)
such that
(4.4) Lu=u"+au' +au +cu=g,

where g € Ly(w; V').

A function u being a solution satisfies u” € L,(w; V’). The operator L; belongs
to the space

(4.5) L(Ly(w; V) n W (w; V'); Ly(w; V')
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(cf. Lemma 1.3 (a)). As we shall see later (cf. Example 4.1) the present problem is
in general not solvable (not even in the non-critical case) for g e L,(w; V'), but only
forge Lz(w; H). For simplicity we introduce the following notation:

(4.6) Ubt = Ly(w; V) n W;(w; H)
(4.7) U%° = L,(w; H).
Remark 4.3. If u e U! solves (4.4) then u e C(w; H) and u’ € C(w; V'). ®

Writing u and g in the form (3.2) and (3.5), respectively, and using the same tech-
nique as before one obtains

(= +h+c+ivia)uy =g, jeZ, keN.

Lemma 4.1. To any e€(0, 1) and r € [1, 2] there exists C > 0 such that

J-2r+;{; C ) .
(=2 + &y + c)? ég‘_—;, (. k)e(Z x N)NE2,

where

-

E = {(j,k); (Jyk)eZ x N, there exists @ (1 —¢, 1 +¢),
Wil = (4 + )%} .

Proof. Thereis k* € Nsuch that 4, + ¢ £ Ofork =1,...,k* —land 2, + ¢ >
> 0 for k = k*. Further, there are two constants ¢, > 0 and ¢, > 0 such that

(4.8) A St cd, kZ kY.

Denote £, = Z x {1,...,k* — 1}. For @ 2 0 denote Ry = {(j, k); (j, k) e Z x N,
k = k*, v|j| = @(% + ¢)'/?}. We have Z x (N\{L,...,k* = 1}) = U Rg. Let

Oe[0,x)
ee(0,1). Put Z{ = U Re,E= U Re 5= U Re Weget
Oe[0,1 —¢] Oe(l—¢e,1+¢) O¢e[1 +&,00)
s2r r
_ JT+ A

<
(=i + (G + )7 O] + (4 + )72~
0¥ (A + ) + A ~ const.

< const. =
- 82(@ + l)z(lk + C)Z }'lf_'

, (U, k)e &S
and

O™ (A + ) + X
(1 +6)720%0 + 1)? (A4 + ¢)* ~
14074  const.
(1 + @—1)2 Ai-r = A’%—r

a$ < const.

< const.

H (.] ’ k) € EBZ
and the proof follows immediately. ®
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Using this lemma with r = 1, taking into account that *“j* behave as 4, on E*’

we find

.2 A
I~ Tt A < const.
(=v3? + A + ¢ + a¥V¥?

for (j, k)€ Z x N or merely for (j, k) e (Z x N)\ &, if (3.9) holds. Since

lulgs.s ~ jZk(iz + ) Juf?
and ’
[9]|300 = 3. |9ik|2
J.k

we can state the following theorem.

Theorem 4.2. 1) Let (3.8) hold. Then
L3 e 2(U° UM n Wi (w; V"))
2) Let (3.9) hold. Then

kerly = U nim P, dimkerl; =m
and
L3'e 2(U%° nim P UM n Wi (w; V') A im PF)

where P is the orthogonal projection of U®° onto lin {v;, ..., Vg4 m—1}-

Example 4.1. The operator L, (similarly as L,) has always a closed range in
L,(w; V'). For L, this is no longer true, although (say, in the non-critical case)
clim Ly = Ly(w; V’). To see an example, let H = L,(0, w),

n ——
V=w0m), ((uv)= f w'(x) v'(x)dx, hence 4, = k?
0
and v, = (2/m)'/? sin kx. Define g by the formula (3.5) where
9x=0, | +k, gori=gu=k"?, keN.
It is easy to check that g e L,(2rn; W, (0, m)) and that our problem with @ = 2,

¢ = 0 has no solution in the space U'.

5. SECOND-ORDER EQUATIONS WITHOUT DISSIPATIVE TERMS

We shall investigate the problem:

ueUt,
(5.1) Lu=u +au+cu=g,
where g € U and c € R. (For U'*! and U%° see (4.6) and (4.7).)
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The operator L, belongs to (4.5) and we could give again an equivalent formulation
of the problem in terms of the integral identity.

The solution is sought again in the form (3.2). In contrast to the equation (4.4) the
condition g € U%° is not sufficient, in general, to guarantee the solvability of the
present problem. We shall assume that g lies in the space

(5.2) U™’ = Wj(w; H)

where r = 0 will be prescribed later. Writing g in the form (3.5) we have by Lemma
2.2

lolora ~ 3 (1 + 1) loaf* < 0.
Js
The Fourier coefficients u, are defined by
(=P + A +uyp=gp, jeZ, keN.
Denote ‘

(5.3) Lo={0,k); (k) eZ x N, —=v*j* + X + ¢ = 0}.

Putting
= (=v7 + A+ )2 (2 + A)

and using the notation from the proof of Lemma 4.1 we get easily that the set

-
e

{haj; (j, k)e Egu Ef U B5} is bounded. Further investigation on Z° depends
essentialy on the behaviour of the eigenvalues A, near infinity and on their relation
to the numbers v?j*> — ¢ (this is due to the absence of the dissipative term au’ in
comparison with the problem (4.4)). We make the assumption

(Ag) there are constants M > 0 and B = O such that
|(/1k + )t — Vlj“ = MM'” (resp. MA;P?)
(J,k)e(Z x N)N&,, 4 +c>0.
Making use of (A;) and (4.8) we get

O*(My + c) + &
© + 1) (4 + c) M?

a; < const. lj|2" < const. |le” , (keENg,.

Consequently,
ay < const. (1 + |j|*), (j, k)e(Z x N)\N&Z, .
Hence u e UM if g € U”*° and g, = 0 for (. k) e &s.

Let us summarize the results in the usual formulation.
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Theorem 5.1. Let the condition (A‘,) be satisfied.

1) Let &4 = 0. Then
Li'e 2U UM A Wi(w; V')

2) Let &, =% 0. Then
dim ker L, = card &, ,

kerLy = U"' n Wj(w; V') nim P
and
L;'e 2(U”° nim P U A Wi(w; V') nim P9),

where P is the orthogonal projection of U%° onio cl lin {€"/*v,; (J, k) € Z.}.

Remark 5.1. Let us remark explicitly that here, in contrast to the problems
considered in the previous paragraphs, the kernel may be infinite-dimensional.

Remark 5.2. A similar approach may be used for the first-order equations of the
““‘Schrodinger type”

w +au+cu=g.

In the end, we illustrate the theory by a few examples. They will suggest that even
in very simple situations one has to treat rather difficult number-theoretical problems.
We suppose ¢ = 0.

Example 5.1. Let H = L,(0, n), V = W;(0, m), ((u, v)) = (7 u'(x) v'(x) dx. Here
M =k* keN. Let o = 2np/q, where p, ge N are relatively prime. We check
easily that &, = {(j, k); (j, k)e Z x N, —|j| alp + k =0} = {(j, k); ljl = np,
k = ngq, n e N}. The condition A, is fulfilled with g = 0, for

[k —|ila/p| 2 1lp, (j,k)e(@ x N)\&,.

Example 5.2. Let H = L,(0, n), V= W7(0,n) 0 W;(O, ), (4, v)) = f§ u'”(x) .
v"(x) dx. Now 2, = k*, ke N. Let again = 2np/q, p, q € N relatively prime.

We prove (following [15]) that &, = {(j,k); (j,k)e Z x N, —|j| q/p + K* =
= 0} = {(j, k); |j| = n*pa,, k = nq,q,, ne N} while we have expressed g in the
form q = q,q3, where g, is not divisible by a square of an integer greater than 1.
For (j, k) € &4 we have k?p = |j| ¢ which means that |j| g is divisible by p. Since
D, q are relatively prime, there is j' € N such that l jl = j'p, hence k* = j'q. Writing g
in the above form q,q5 we see that q, divides k and setting k = k'q, for some
k' € N, we easily find that q, divides k', k' = nq, for some n e N. Hence k = nq,q,
and therefore l jl = n?pq, for some ne N. On the other hand, if k and j satisfy the
above relations, then (j, k) € £,.

The condition (A) is evidently fulfilled with § = 0.

Example 5.3. Let the spaces and the form be the same as in Example 5.1. Let
o = 2na where « is irrational. Then &, = 0. The condition (A,) is fulfilled if there
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is a constant C > 0 such that
(5.4 o — 1Jk| 2 Ck™*7#%, LkeN.

This is true, for instance, in the case that « is an algebraic number of degree 1 +
+ B[2(e N) (see [3], p. 42).

It may be shown that there exists an uncountable dense in R set of measure zero of irrational
numbers a which satisfy (5.4) with # = 2 (and C depending on «). The inequality

l« —I/k| = C(a) k™% log™ ! "%k + 1)
is fulfilled by almost all irrational numbers «.

The results of NovAk [10] yield the following assertion: we let y = p(«) be the supremum of
all g for which the inequality |—l/a + k| < 17# has infinitely many solutions for /, k € N. Let
6= 0. Then
a) if y < J then for any g€ Wf(co; H) there is a solution of the problem in U! o
b) if y > & then there exists a function ge Wi’(w; H) such that the problem has no solution
in U,

6. THE NONLINEAR CASE

The results obtained in the preceding sections may be used for the study of non-
linear problems
Lu = F(u)
or weakly nonlinear problems
Lu=¢F(u,e), ee[—e, 2] (6 > 0)
(n=1,2734).

Our aim is to present here only three simple methods. They are based on the
Schauder or Banach fixed point theorems (in the non-critical cases) and on the
implicit function theorem (in the critical cases). It should be noted that the problems
of this kind attract a great deal of interest today and have recently been studied by
a number of authors (see [15] for references).

The results will be formulated explicitly only for L; (with the exception — Theorem
6.4 which involves L,). We leave analogous formulations of results for the other
operators to the reader.

For simplicity of notation we set % = L,(w; V) 0 Wy(w; V7).

Theorem 6.1. Suppose (3.8) holds. Let the following assumptions be satisfied:
a) V, is a Hilbert space, VQ V; Q V' and VQ V; compactly;
b) F maps continuously Ly(w; V;) into Ly(w; V');
c) there are three constants ¢; > 0, ¢; > 0 and o € [0, 1] such that

||F(“)”Lz(m:V') S +efuly, uew
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(and if ¢ = 1 then, moreover, c, is sufficiently small). Then there exists u € U such
that

Liu = F(u).

The proof is an easy consequence of the Schauder fixed point theorem and of
Lemma 14. =

On the other hand, our next result follows easily from the Banach contraction
principle.

Theorem 6.2. Suppose (3.8) holds. Let the following assumptions be satisfied:

a) there are ¢ > 0 and &, > 0 such that for ue ¥ with |u|4 < 0, ¢ = F(u, ¢) is
a continuous mapping of [ —&, & into Ly(w; V'),

b) there is > O such that |F(uy, &) — F(uz, &)|rymwn < Aty — 2] [[41]e S o
lusla = 0, € [—2o, &)

Then there is e* € (0, &y such that for any ¢ € [ —¢*, ¢*] there is a unique u(e) e %

satisfying

(6.1) L, u(e) = & F(u(e), ¢) .

Moreover, ¢ — u(e) is a continuous mapping of [ —e*, e*] into «.

It is easy to see that if we can solve the equation (6.1) we are able also to solve the
equation
Lyu(e) = g + F(u(e),e). =

We now turn to the critical case. Here the alternative method is used frequently.
The solution of (6.1) is looked for in the form

(6.2) u(e) = v(e) + w(e)

where v(eje % nim P, w(sg)e % nim P° and P is the orthogonal projection of
L,(w; V') onto the subspace lin {vy,, ..., U4, +m-1}. Applying the projections P and P°
to (6.1) and using Theorem 3.1 we obtain that the function (6.2) is a solution of (6.1)
if and only if

(6.3) PF(v + w,e) =0
(64 w — el{ 'P°F(v + w, ) = 0.

Thus we have split the equation (6.1) into two simpler equations (6.3) and (6.4).
(They are known as the bifurcation (or determining) and the auxiliary equations,
respectively.) To solve the system (6.3), (6.4) we can apply e.g. the implicit function
theorem (see e.g. [11], p. 39) and obtain
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Theorem 6.3. Suppose (3.9) holds. Let the following assumptions be satisfied:

a) the equation
PF(vy, 0) = 0

has a solution vy, = vy € % N im P;

b) for some ¢ >0 and & >0 F maps {u; |u — v3|4 < o} x [—&, &) con-
tinuously into L,(w; V') and has a continuous partial Fréchet derivative F,;

¢) [PF;(vs,0)]" "' € £(im P; % ~ im P).

Then there is ¢* € (0, &y such that for any e [ —¢*, e*] there is a unique u(e) e %
satisfying (6.1). Moreover, ¢ — u(¢) is a continuous mapping of [—e*, e¥] into U
and u(0) = v.

Remark 6.1. Since in our case dim ker L, < oo the conditions a) and c) of the
theorem can be written equivalently as follows:

a,) the system of equations

[ m-—1
CF(Y doVigr0s0)s U4y >dt =0, j=0,...,m—1
0 t=0

has a solution dy = dy = (dg 0, ..., dg m_1)€C™;

¢,) the determinant

® m—1
<J' CFi( Y dg kos 15 0) (Vg4 j)s Dot 1) dt> , j1=0...m-=1
0 t=0

is non-zero. ®

We conclude this section with a modification of Theorem 6.1 for the operator L;.
Now, let % = Ly(w; V) n W7 (w; V').
Theorem 6.4. Suppose (3.8) holds. Let the following assumptions be satisfied:

a) V, and V, are two Hilbert spaces, VQV, QHQV,Q V' and VQ 'V, com-
pactly, H Q V, compactly;

b) F maps Ly(w; V;) n W, (w; V,) continuously into Ly(w; H);
c) there are two positive constants c,, ¢, and o € [0, 1] such that
1F @) cawim = ¢ + cofula, uew
(and c, is sufficiently small in the case o = 1).
Then there is u € % such that

Lyu = F(u).
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7. REGULARITY I

Denote dom A4 =g 'Hand A = a | dom A. In this way we have defined a linear
operator

A:domA < H->H.

Its well-known properties are listed in the following lemma.

Lemma 7.1 (see [6]).
(1) A is self-adjoint,
(2) A is positive definite*),
(3) A7 is compact.
Since av, = A, we have v, e dom A4 and Av, = A4, ke N.

Fors = 0 we denote by A° the s-th power of the operator A. Its domain of definition
dom A°® is equipped with the norm

' [#laomar = | 4%u]n

which is equivalent to the usual graph norm (for A4° is still positive definite) and
which makes dom A° a Hilbert space. The space dom A° is characterized in the fol-
lowing manner:

dom A° = {u;ue H, Y i*
k=1

Cu, v|? < oo} .

In Sections 4 and 5 we have introduced the notation U%°, U''! and U"°. We
extend the definition to U™* to any r = 0 and s = 0. Let

U = Wi(w; dom A%?)
and
U = U A U,

Lemma 7.2. Let r, s 2 0. The mapping % defined in (2.2) is a topological iso-
morphism of

(a) U™ onto U,
(b) U™ onto 07>,

The proof follows from Lemma 1.1 if we observe that {w™'/21;%%e™,; je Z,
k e N} is a complete orthonormal set in L,(w; dom A%2).

Remark 7.1. The preceding lemma and the inequality
|i[222 =9 < const. ([i]*" + 4)

show that U™* G U@ ~e/) for g e (0, r). (Cf. [8], p. 19, or Lemma 8.1(5).) In
particular, if u € U?-? then u’ € L,(w; dom A'/?). =

*) Le., there is y > 0 such that {Au, u) = y||u||f, ue dom 4.
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Before stating the following propositions let us adopt the letter P to denote in the
critical cases the orthogonal projection of U°'° onto a closed subspace generated by
functions from the kernel of the corresponding operator L,, i.e., onto the subspace
cllin {e™*v; (j, k) € &,} in U®° where &,, &, and &, are given by (3.11), (4.3)
and (5.3), respectively, and &5 = .

Theorem 7.1. 1) Let (3.8) hold. Then
Lyt e 2(U*°; U,
2) Let (3.9) hold. Then
Li'e 2(U°° Aim P5; UM? A im P9).

Proof. It is enough to prove the first assertion. If we keep the notation of Section 3
we obtain the required result from the estimate

. PHA
(7.1) lufgz ~ JZJ;(JZ + ) |ual® = JZ,:( m l9al* =

<y P+ 94> < const. g
< . < . 0,0 «
~ jk min (vz, (1 + Clk—l)z) (]2 + '113) "= ’

Theorem 7.2. 1) Let &, = 0. Then
L' e 2(U°0; ULD A U2,
2) Let &, + 0. Then
L;'e L(U° Aim P UMD A U A im P°).

The proof follows from the estimate (see Lemma 4.1)

2 2 4
_ (1+J)2/1k +2{2 - <const., (j,k)e(Z x N)N&,.
(V%2 + & + )" + v'j*(a + DAy

Theorem 7.3. Suppose ae [0, 1].

1) Let (3.8) hold. Then
L3—1 € g(U(a,l—a); UZ,Z) .
2) Let (3.9) hold. Then

L7'e £(U*'"® Aim P U*? A im PF).

Proof. By Lemma 4.1 (with r = 2)

(1.2)

and this estimate yields the result.

J*+ A

< const. (1 + |j|2*A27%), (G, k)e(Z x N)\&
(=V3% + d+ O + a2 = ( I-’l %), (ke ) 3
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Theorem 7.4. Suppose the condition (A) is satisfied and a e [-81].
1) Let #, = 0. Then

Lite gU®tet==; U*?).
2) Let &, + 0. Then

L' e L(UB+=1-9 ~im P5; U2 nim PF).

The proof is again an easy modification of that of Theorem 5.1. (Briefly: (—v%j* +
+ A 4+ ¢)72(j* + A7) are bounded on E,u 5j U E; whereas on E° they are
dominated by |j|*#*®2L=%)

Remark 7.2 (to Theorem 5.1). It is seen that
L' e p(UE—r7; UM Wi(w; V')
where 7 € [0, ] and similarly if &, + 0.

Remark 7.3. The assertions of this section yield information about the “strong’
solvability of the equations

(7.3) w4+ (A+cu=g,
(7.4) w+(a+bd)u +(A+cu=g, (b£0),
(7-5) u' +auw +(A+cu=g, (a0,
(7.6) u+(A+cu=g.

On the other hand, the propositions of Sections 3—35 can be considered as existence
theorems for “weak’” solutions of equations (7.3)—(7.6).

Remark 7.4. Using the above estimates one can easily establish the following
ones (for s = 2):

i+ 2%

< const. (|jl*"2 + A72), (j,k)e(Z x N)\N&,,
v2j2+(lk+c)2 (IJI k ) (J ) ( )\ 1

Ijlzs + (1L +7%) A < 2(s—2) 4 gs—2 .
=< const. STE LA , Lk e(ZxN)\&,,
(=32 + A + ¢)? + Vi (a + bA)? (i ) (bR e@xNN

«12s + /{s ) - - ) _
(_szsz' 17 ﬁrc)z < const. ([f*¢72 + 472), (,k)e(Z x M)\ &,
k

1> + A 2B +a) s —am
( A Lo S eomt (PR, ae[ps- 11, (LpeEg,
- k

i + & < const. (|j|?* a3 1 j 5
(=32 + M+ ) + a¥v3? = AP a7Y, aef0,s-1], (LKeENgs.
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They enable us to formulate further regularity results, e.g. if &, # 0 then

LTt e g(Us2-15-2; Us2)
L' e L(Us-25-2, U0 A ys0)
L3t e Z(Us-15-2, Us),

Lt e (U ).

More general results are obtained in the next section.

8. REGULARITY II

We shall investigate some further properties of the operators L, — L,. Without
restricting generality we shall confine ourselves to the non-critical cases (i.e., we
assume &, = 0).

Let us recall some basic assertions concerning the Hilbert space interpolation
theory which are needed in the sequel.

Lemma 8.1 (see [8]). Let X and Y be two separable Hilbert spaces, X Q) Y densely.
Suppose © € [0, 1]. Then '

(1) (interpolation inequality)
lulloxre < const. [ulx™® [u]¥, weX,
(2) if 0 £ 0, < 0O, then [X, Y]o, G [X, Y]e densely,
(3)if 00, <0, £1, then _
[[X’ Y]@o’ [X’ Y]e,]e = [X, Y](l—e)eo+eex
with equivalent norms,

(4) if moreover % and ¥ are separable Hilbert spaces, (3% densely and
ne L(X; %) L(Y; Y), then ne L([X, Yle; [, ¥]e).

(5) if r 2 0 then
Ly(w; X) 0 Wi(w; Y) G W5%(w; [X, Y]e) .

Suppose that M is a Hilbert space,
M Q H densely

and there is a @' € [0, 1) such that dom A G [M, H]e.. Put s, = 2/(1 — @) and
define

M = [M’ H](So-s)/SO » SE [O’ So] '
Hence My, = H, Mg, = M and dom A Q M.
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Further, suppose that
(8.1) A"le L(M,,_,; My,) .

By virtue of Lemma 7.1, A™' € #(M,; M,) and consequently by Lemma 8.1 (4)
(8.2) A 'e LM, M), se[2,5].

For r,s =2 0, s < s, let us denote

Ui = Wi(w; M)
and
Uy = Uiy nURY.

Theorem 8.1. Let (3.8) hold. Then

Lite LU "3 UW) (sel25]) -

Proof. Let us write the functions u and g from U®° (= U%°) in the form

o0
u(t) =02 Y M, u

j=-w

Il

w12 fme‘iVJ‘ u(t) dt

0

I

g() = ™12 3 Mg, g,

j=-o

w2 J' e"Mtg(r)de.

0

It is a consequence of the estimate (7.1) and of the Parseval identity that
X Plwla+ X u)dma S const. ¥ gl -
j=-wo j=-o j=—o
In what follows, by C a generic constant will be denoted, independent of j, but

not necessarily the same in different formulas.
Thus, we have

(8.3) ]__Z Plulla =€ ¥ gk
=-w J=-w

and according to dom A G M,

5.4 Z lulisc S oli

The way of “regularization in ¢” is evident. Namely, the estimate (8.3) yields for
an arbitrary s > 2

) ol R
=-w ==
and by Lemma 2.2, u € U**? whenever g € U¥/2-1.0,
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Further, for s = 2 the result follows from (8.3) and (8.4). Let s & (2, 4) (and, of
course, § < so). It is easy to find that u; satisfies the equation

(8.6) Au; = g; — ivju; —cu;, jeZ.

If ge Uy? ™' "% then g; € M,_,, j € Z. Since certainly u; e M,, it is also u; e M,_,,
jeZ. In view of (8.2) u; e M, and

61 % lulscE (o )

Using Lemma 8.1 (3), (1) and the inequality ab < p~'a? + ¢7'b%(a,b 2 0, p > 1,
p~' 4+ q~! = 1) we obtain

j;v;mjz““j

12”1—2 + (1 +j2) “ul

@ @
s SC 5 Fllinsmans 5 € 5 Plufic? luli s
p) P

) 5 (7 uli + U luli).

With regard to (8.3) and (8.4) we have proved for s € [2,4) (s < so) the implication

(8.8) geU 2= ¥ |uly, =€ ¥ (lgl.-, +
j=-—® j==w

+ (U + i) gl < oo
We claim that (8.8) holds for all s. We shall proceed by induction. Let (8.8) hold
for se[2,20), ceN, o = 2. Let geUj> "% and se[20,2(c + 1)) (s < so).

In view of (8.2), (8.6) and by the induction hypothesis, (8.7) holds for this s. By the
induction hypothesis

@ 2 0
j;_m”“j M, S CJ_;_w(“gj
In accordance with Lemma 8.1 (5), g’ € L,(w; M,_,) and
@ o]
3 aeMlolizc S o,

Therefore, the implication (8.8) is true for se [2,2(c + 1)).
Combining (8.5) and (8.8) we obtain the required result.

o+ (L) gl + (U+ |77 [osll7) -

o + (U 72 gl

Remark 8.1. If moreover A is a topological isomorphism of M, N dom A
onto M, _, then L, is a topological isomorphism of L,(w; M, n dom 4) n W;'*(w; H)
onto Us? 172 m

Similar theorems (and remarks) may be derived for the second-order operators

L,, L, and L,. We state them while the proof will be given only for the operator L.
We leave it to the reader to supply the missing details.
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Theorem 8.2. Let &, = 0. Then
L;'e LU 273U n UL (sel2,s0])-

Theorem 8.3. Let (3.8) hold and ae[0,s — 1]. Then
L3'e LU 7% U) (s e [2, s0))

Proof. We employ the estimate

Z Ol + lfimd = € X0+ ol

that is easily obtained from (7.2). Consequently,

©9) S Flulisc S ol

ji=
(8.10) 3 uliesc $ (4P lolh-

Evidently, u € U>? whenever g€ US™%:%, 5 > 2.

The assertion of the theorem is evident for s = 2. Let se(2,4)‘ The vectors u;
satisfy
(8.11) Au; = g; + V’j*u; — aivju; — cu;, jelZ.

If g € U3y 172 then by (8.2) u; € M, and

61 [

Using Lemma 8.1

2w
j=-o

. 2 C Y (gl + U+ 7% [uli.) -
j=-®

g ]
12”5-2 = Cj_zwj4”uj]l[zMz.H]u—-)/z S C. Z j4“ui”;l_zz ”uj”;;_s =
- j=-w

©
€ 3 (P fusle, + [ Jul2) -
j=—o

Thus, the following implication holds for s e [2,4):

(8.13) geUs 2= ¥ |uli, < < Y (gl +
j=-o =T®

+ (L4 [P lgslR) < oo

Let (8.13) hold for s e [2,20), 6 e N, 0 = 2. Let s € [20, 2(s + 1)) (s < s,). (8.12)
is valid owing to (8.2) and (8.11). By the hypothesis,

=]
) >y
j=—o

w2 C X (loslhes + (45 sl +

j:

+ (L4 [P gl -
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Uy 2* QUG by Lemma 8.1 (5) and a fortiori, Uy '*~% Q Uis*~*. This
implies that (8.13) holds for s € [2, 2(¢ + 1)]. The conclusion follows readily.

Theorem 8.4. Let &, = 0 and let the condition (A;) be satisfied. Then
L7t e LU "1 U5) (sel2s])-

Remark 8.2. The proof of Theorem 8.3 makes use of the estimate (7.2) with « = 1.
The utilization of (7.2) with a € [0, 1) yields another regularity result. An analogous
remark holds also for Theorem 8.4.

Remark 8.3. We can choose, in particular, M = dom A*/? for any s, = 2. In
accordance with the definition of the interpolation spaces,

M, = [dom A%%, H] g5y = dom 4%0 ~Co™9/50)/2 = dom A%2, se [0, s,] .

Hence UyY = U™ and Uf = U™, r, s = 0. In this particular case the results of
this section coincide with those announced in Remark 7.4. When applying the
theorems in this case it is required, roughly speaking, that the right hand side of the
equation in question should belong (for a.e. t) to the domain of a power of the
unbounded operator A. However, the verification need not be easy in a concrete case.
Frequently we succeed in finding another suitable ‘“regularization” space M that
removes the above mentioned unpleasantness (see Section 9).

Remark 8.4. The nonlinear cases can be handled also in the spaces introduced
in this section by means of methods indicated in Section 6.

9. APPLICATIONS

The theory can be applied to the investigation of periodic solutions of partial
differential equations. We show for illustration the application to the equations
(7.3)—(7.6) where A is an elliptic operator of the second order with boundary con-
ditions of Dirichlet or Newton type. (The possibility of generalization to operators
of order 2m and other variational boundary conditions is evident.)

Let us make the following assumptions:

(9.1) Q < R" is a bounded domain of class C*,
(9:2) ap, aj e C*(Q), a, real-valued, a;(x) = a;j(x), xeQ, j,k=1,...,n,
(9.3) thereis y > 0 such that

.Ziajk(x) ijk%)’_;lfjlz, xeQ, ¢eC.

JR=
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Put H = L,(Q), V = W}(Q),

(@) = 5 [ anto) o) a0 05 + [ aule)ue) 75 0.

In virtue of the Rellich theorem V' H compactly. ((*, ")) is a sesquilinear con-
tinuous symmetric form on V x V and it is V-elliptic provided that, for instance,
ag(x) 20, xe Q.

It is easy to show that dom 4 is a subspace of W, (Q) of functions u for which

(04 = 2 (a) () + o) ()

lies in H. By regularity theorems for elliptic equations (see, e.g. [1], p. 129 or [9],
- p. 216) any such function u belongs to W;(£2). Hence

domAd = W;(Q) n W;(Q).

Further, suppose that ¢ is a real-valued function from C*(3Q), V = W,(Q) and

Jk=1

@)= %, [ axtd w6 ax +[ anl)u) i ox +
+ Lga(x) u(x) th) ds.

Again, VQ H compactly and ((-, *)) is a sesquilinear continuous (cf. [9], p. 15)
symmetric form on V x V. In addition, it is V-elliptic provided that

ag(x) 2 a, >0, xeQ, o(x)20, xeiQ
or

ao(x) 20, o(x) 2 0, >0 ona setof positive
(n — 1)-dimensional measure, o(x) 20, xe€dQ.
We obtain

dom A4 = {u; ue WiQ), Z—u + ou = 0 on dQ (in the sense of traces)} ,
n
while 4 is given again by the formula (9.4). (Here §/dn means the conormal derivative.)
In both examples the set dom A4 is closed in WZZ(Q) so that
(dom 4, || w,20) is a complete space .
Clearly, there is ¢; > 0 such that

[#]aoma = [Au]a < cil|u]w,2@), wedomA4.
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Since dom A (more precisely, (dom A, ||*|som4)) is a complete space, the open
mapping theorem yields the existence of ¢, > 0 such that

“u“sz(!l) = CZlIu“domA , uedomAd.

Thus, the norms ||*|som4 and |*|w,2) are equivalent on dom A. Consequently,
the spaces U'"?, U"? A U2° and U** (which appear in Section 7) are normed
equivalently by

® 5 0"lu(t, x) 2+ |ou(t, x)|? de d 12
oJo \le=s2 @x'}' cen @x:" ot
@ o Pyt x) |12 |0%u(t, x)|? 1/2
yo L) T ) g
oJa\lalsZpst | 0x]' ... Oxir 0tf ot
and
%) a|a|+ﬂ 2 1/2
y oL laxar)
0 JolalFBs2|0x5 ... oxpn orf
respectively.

The “regularization” space may be chosen in both cases M = W5°(Q) with s, = 2
arbitrary since dom A Q W2(2) (let us recall that M, = W;(Q) by [8], p. 45) and
A e L\WTH(Q); W3°(Q)) (see [8], p. 176). By choosing s sufficiently large we can
achieve that the spaces U2, Us;® n Us;® and Uj; are embedded in the spaces of
continuous functions defined on R x Q, w-periodic in ¢ and having continuous

derivatives
du o%u %u - *u B o0*u 0%u
ot ox;oxf o otox; ox, " ox;oxS’

respectively (and obtain thereby classical solutions of (7.3)—(7.6)). This occurs by
embedding theorems (see [2], p. 145)if s > 4n + 3in the first case or s > 3(n — 1) +
+ 3 in the other ones. ®

We have often to deal with a problem given by an equation of the type (7.3)—(7.6)
with 4 = —A which shows certain symmetry properties. It is then convenient to
express the Laplace operator A e.g. in polar, cylindrical or spherical coordinates.
We conclude our study by showing how to proceed in the circle-symmetrical case
when the two-dimensional operator A is expressed in polar coordinates

(a=15(2)

We shall work in weight spaces and for this purpose let us introduce the following
definition.
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By the symbol L, ,(0,1) we denote the space of (classes of) complex-valued
functions defined on (0, 1) for which

) 1 1/2
4]l L2 0.1y = (J rlu(r)|? dr) < 0.
0

L, ,(0, 1) is a Hilbert space with the inner product

Cuy vy = J;r u(r) v(r) dr .

Put H = L, ,(0,1) and V = {u; u,u’ € L, (0, 1), u(1) = 0}. Vis a Hilbert space
with the inner product

1 —— ——
{u, )y = J' r(u(r) v(r) + u'(r) v'(r)) dr.

]

Obviously, V( H densely.
Further, let
l —
((u,v)) = J' ru'(r)v(r)dr, u,veV.

(4]
Evidently, ((-, -)) is a sesquilinear continuous form on ¥ x V. In order to prove the
V-ellipticity we write forue V

u(r) = — Jqu’(s) ds, re(0,1),

r

hence

W = [ as ['57r s = o) [ o o

r r

Thus,
1 1 1
J. rlu(r)|* dr < f |u(r)|> dr £ const.J. rlu(r)]? dr
C 0 0

and we can check easily that there is ¢ > 0 such that ((u, u)) 2 c|u|}, ue V.

It remains to show that ¥ H compactly (cf. [14], p. 354). It is immediate that
VQ W;(5,1) for any 5€(0,1) and by the Rellich theorem W;(5, 1) Q Ly(6, 1)
compactly. Since L, (6, 1) = L,(J,1) (with equivalent norms) the embedding
VQ L, (9, 1) is also compact. Let u,, be a bounded sequence in V. In view of the
reflexivity of ¥ we can assume that u,, — u weakly in V (replacing u,, by a subsequence
if necessary). We prove that u,, — u in L, (0, 1) (strongly). We let y; be a function
defined by 25(r) =0, 0 <r <94, y5(r) =1, 6 <r < 1. Then ysu, is convergent
in L, (0, 1). Because of the inequality

lum = tall s 0,1 = [ = Lothm||L2pnc0,1) +

+ [ Xottm = Xottal| L2 p0,1y + [ Xsttn = a1z 00,1)
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if suffices to show that |4, — Xsttm||z, .0,1) — 0 as & — 0+ uniformly with respect
to m. But this is a consequence of the estimates

5 ]
4 = Xaum”iz,,(o,n = j r]u,,,(r)|2 dr £ 6j Iu,,,(r)lz dr =
0 1]
1
< const. 5J r,u,’n(r)|2 dr < const. 5]|u,,,”,2, .
0

We have thereby verified that ¥V G H compactly.

In this example 1, = p7, v, = N, Jo(wr), where J, is the Bessel function of order
zero, p, are positive roots of J, (each eigenvalue is simple) and N, are the normaliza-
tion constants.
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