Czechoslovak Mathematical Journal

Marshall Saade
A note on some varieties of point algebras

Czechoslovak Mathematical Journal, Vol. 29 (1979), No. 1, 21-26

Persistent URL: http://dml.cz/dmlcz/101575

Terms of use:

© Institute of Mathematics AS CR, 1979

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/101575
http://dml.cz

Czechoslovak Mathematical Journal, 29 (104) 1979, Praha

A NOTE ON SOME VARIETIES OF POINT ALGEBRAS

MARSHALL SAADE, Athens

(Received October 26, 1976)

1. Introduction. In this note our main purpose is to prove the following result.

Theorem 1.1. Let n be an integer >1 and (*) a generating operation. Then the
class V(n, *) of all point algebras of the form (S", %) is a variety.

We also describe the free algebras in these varieties.

The definitions of point algebra and generating operation are given in [6]. However
for completeness they are included here. The definition of a shuffling operation will
be formulated essentially as given in [4]. Let S be a set such that |S| =2 and n an
integer >1. Let j: {1,...,n} > {1,...,n} and x : {1,...,n} > {0, 1} be functions.
A shuffling operation, (+), on S" is defined as foliows:

(ay. az, ..o a,) . (by, by .. b,) = (cq, €2y 0 €)
where

. {a,.(,.) it x(i)=0

bj; if x(i)=1 foreach ie{l,...,n}.

Thus, for example, if n = 3, j(1) = 2, j(2) = 1, j(3) = 1, x(1) = 0, x(2) = 0, x(3) =
= 1, then () is defined by

(ay, ay, a3) . (by. by, by) = (az, ay, by) .

The elements of S” are called points and the groupoid (S", +)is called a point algebra.
There are (2n)" s-operations on S". An s-operation (x) is called a generating operation
if for each other s-operation (+) on S” there is a polynomial © in (*), (ay, ..., a,),
(by, - .-, b,) such that

(ag,....a,).(by, ..., b,) = O(x,(ay, ..., a,), (by, ..., b,)).

In this case we say () generates (+) (or that (+) is generated by ()).
It is shown in [2, p. 365] for n = 2 and in [5] for each integer n > 2 that the class
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of point algebras defined by the binary operation,
(agyecsay)o(bysoosby) = (a by, .oy byy),

is a variety. The fact that the binary operation (+) defined above is a generating opera-
tion, as will be shown below, will play an integral part in the proof of our theorem.

2. Some preliminary results. Let G and H be poinf algebras. Then G and H are
similar point algebras if G = (", +) and H = (T", ) where n is an integer >1
and G, H are defined by the same binary operation (+).

Lemma 2.1. Let G and H be similar point algebras. Then G = H if and only
i |6] = ||

Proof. Trivial.

Thus we may conclude that in the class of all similar point algebras of the form
(8", +) there is exactly one groupoid of each infinite order to within isomorphism and
at most one groupoid of each finite order to within isomorphism. The finite ones, of
course, are those of order k" for each positive integer k.

Lemma 2.2, If G and H are similar point algebras where ]G| =< |H| then G can
be imbedded in H.

Proof. Let G = (S",*) and H = (T", *). Then [S| £ |T|. Let U < T such that
|S| = lU’ Thus clearly (U", -) is a subgroupoid of (T, +). Hence by Lemma 2.1,
(S", ,) ~ (U", ,)‘ g

Lemma 2.3. Let G = (S", *) and H = (T", -) be similar point algebras such that
|S| # 1 + |T|. Then G and H satisfy the same identities.

Proof. Assume [T| < IS| The imbed H in G. (Throughout this proof theimage
of H in G, under the imbedding, is denoted by H). Clearly any identity satisfied
by G is satisfied by H. Now suppose the identity,

U(X gy ey X)) = 0(X 15 oeey Xpr)
is satisfied by H but not by G. Then there are elements a; = (ay;, ..., a,;) in S",
i =1,..., msuch that
‘ ‘ u(ay, ..., ap) *+ vay, ..., a,) .

Thus u(@y, ..., aw) = (ai,s ... a;) * (@, ..o @y,) = W(ay, ..., a,) where a;,, ..., q;
and a;,, ..., a,, are from among the a,, s = 1,...,nand t = 1, ..., m. Since

n

(@i a;) F (... ap,)

then there is a ¢ such that a;, #+ a,,. This particular, a;, originates from, say, the d-th
position in‘a point a,, for some r (before actual multiplication of the points in the
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expression u(ay, ..., a,) was carried out). Similarly this particular a,, originates from,
say, the e-th position in a point ag, for some s, in the expression v(ay, ..., a,). Now if
a, = ag then d # e. Thus, say, d < e. Let a, be T where a = b and let x, =
=(....a,..., b,...) where a is in the d-th position and b is in the e-th position of x,.
The other positions of x, may be filled in arbitrarily. Then

u(Xg, ... Xo) = (o, .., Xo)

which contradicts the fact that u = vholdsin H.If a, % a, r < s,let x, = ( .., a, )
and x; = (..., b, ...) where a, b € Tand a is in the d-th position of x, and b is in the
e-th position of x,. Then '

U(oois Xgy ooy X0 oen) F 0(cen, Xy oeny Xy, )
where X, is in the r-th place of u and v and x, is in the s-th place of u and v. This also

contradicts the fact that u = v holds in H. Thus the proof is complete.

Lemma 2.4. Let () be the s-operation defined on S" as follows:
(ay, azs ..., a,) . (by, byy o b,) = (@, bys ooy byy)

Then () is a generating operation.

Proof. It suffices to prove that any point (d,, d,, ..., d,), where each d; is a fixed a;
or by, can be written as a product, under (*), of (ay, ..., a,)’s, (b, ..., b,)’s. It is easy
to see that if we denote by P(a, n) any point containing the element a in the n-th
position and by P, any point, that

(dy,ds, ..., d,) = P(dy, n) . [P(dy, n). [...[P(d,, n). P]...]].

Thus it now suffices to show there are points, P(a;, n), P(bj, n) for i,j =1,2,...,n
that can be written as a product of (ay, ..., a,)’s, (b, ..., b,)’s under (). However it
is easily shown that, if we denote by *x the left associated product of k x’s, then

k—1
k‘ —HA—
(ag,..a,) = (ay ..y ay, ..oy @y_im1)) = P(@y_ge=ygy, 1)

for k = 1,2,...,n + L Similarly, X(by, ..., b,) = P(b,- -1, n)- Hence, the proof is
concluded.

3. Main results. We now prove Theorem 1.1.

Proof. Let V= V(n, x). We will show that V is closed under homomorphisms,
direct products and subalgebras. Let V; be the class of all point algebras of the form
(8", -) where (+) is defined by:

(@gs -0y a) . (bys ooy by) = (ay by, ooy byy) .
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.I“ section l_it was i“dif:atEd that ¥, is a variety. From Lemma 2.4 we know that ()
1s a generating operation. SinCe, by hypothesis, () is also a generating operation,
there are polynomials f(+, x, y) and g(*, x, y) such that

x*xy=f(+,x )
and

x.y=g(xxy).

Let & = (S",*x)eVand let O : & —» # = (H, o) be a homomorphism from &
onto . Define the binary operation (V) on H by

sVit=g(e,s,1).
Let ¥, = (8" +)and #, = (H,V).If x, y € S" then
(x.¥) 0 =[g(*,x, )] © = g(c, xO, yO) = xO V yO .

Thus © : ¥, —» H#, is clearly an onto homomorphism. Since V; is a variety #; =
~ #, =(T", -)eV,. We now show # = (T" ). Let #5 = (T", ). Thus far we
have

P —° s # and ¥, — L

onto hom. onto hom. 1 ontoiso.

H .

Define f : # — #5 as follows. Let x € H and let s be that unique element of T"
such that x = s¥ 1. Then xf = 5. Now let y € H such that yf = t. Hence y = t¥ 1.
Also let x = a®, y = bO with a, b e §". Thus

(xoy)B=(a@bO)B=[(axb)O]B =[(f(:,a,b) O] p =
= [f(V, a0O, b@)] B = [f(V, X, y)] B = [f(V, sP Ly )] B =
= [(f(o’s,t))ql"l]ﬁz [(s*t) Pl B=s*t=xBx*yp.
[We note: [(s * {) ¥ 1] p = rifand onlyif (s % 1) ¥~' = r? 'ifand onlyif s+ ¢ =
= r since ¥~ ! is injective]. So B is a homomorphism. Suppose xf = yf. Then
s =t and thus s¥ ! = t¥~!. Hence x = y and so B is injective. Let s € T". Then
there is an x such that x = s¥ 1. So xB = s and so Bis surjective. Thus # =~ # eV
and so Vis closed under homomorphisms. ]
Now let {G, | G1 = (57, *), A€ A} be a set of members of V. We show [[G, e V.
A
Consider {G} |Gy = (S} ), AeA}. Then [[G; =T =(T",-)eV,. We show
A
(T", %) = [[G,. Let @ : T - []G; be an isomorphism onto [[G;. Letx, yeT"
A A A
Thus
(x*y)O = (¢, x, y) @ = f(+, x0, y@) = x0 x yO .
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Hence © is a homomorphism and is clearly an isomorphism from (7", %) onto HG
Thus HG,l € Vand so Vis closed under direct products.

Now let # = (S", ) € Vand suppose # = (H, %) is a subgroupoid of . However
Sy =(S",-)eV; and thus o, = (H, ) = (T", *)eV,. Let O :(T", ) > #, be
an isomorphism from (7", -) onto J#,. We show (T", x) = #. For if x, ye T",
then

(x*y) O =(f(-, x, ) © = (-, x0, yO) = xO * yO .

1t follows easily that # = (T", ). Thus Vis closed under subalgebras and hence by
Birkhoff’s Theorem [1], Vis a variety.
We now describe the V-free algebras in the following two theorems.

Theorem 3.1. Every infinite groupoid in V is V-free.

Proof. Let (S", x) € V where S is infinite. Now let F,(|S|) be the V-free groupoid
on [Sl free generators. Since IS"I = [Fy(lsm then from Lemma 2.1, (S", *) = FV(ISD'

Theorem 3.2. Let & = (S", *) be a finite member of V. Then & is V-free if and
only if |S| = kn for some positive integer k.

Proof. Suppose |S| = kn. We show (S, ) is free on k generators. Now let T =
= {(ays, ayzs --s d1n)s -5 (Qrys a2y .o A4)} Where the a;;, 1 S i Sk, 1 £j<n,
are the distinct members of S. We ﬁrst show that (S”, -) is generated by T where (*)
is the binary operation defined previously by

(ay,..va,).(byy-.ss by) = (an by, ...y by—y) .

Let (ay, ..., a,) € S". Then with reference to the proof of Lemma 2.4 one sees that

(ay, ..., a,) = P(ay, n).[P(ay, n).[...[P(a, n). P(a, n)]...]].

Thus it suffices to show there is a point, P(a,, n) € [T, -] (the groupoid generated
by T under ()) for each a,e S. However, with reference again to the proof of
Lemma 2.4,

k(ana Az -5 ain) = (aim cees Aips Aigs e ves ai(n—(k—l))) = P(ai(n—(k—l))s ")

for each i, j. Thus Tgenerates (S, -). Recalling that x . y = g(x, x, y)forall x, y € S"
we let (ay, ..., a,) € S". Then (ay, ..., a,) € [T, -]. Thus there is a polynomial @ such
that

(ags o a) = D(-, (ays oo yp)s oo (Apgs s i) -

However each product, (a;, ..., a;). (4, ..., a;,) in @ may be written as
9( (aiy, ..., ay,), (a4, ..., ;). Thus (ay, ..., a,) € [T, *]. That is, (S, *) is generated
by T. Let @ : Fy(k) — (S", ) be a homomorphism from the V-free groupoid on k
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generators onto (S ). Clearly ]Fy(k)l (kn)" since if Fy(k) is generated by B —

={byy. ..o, by,). .o (biy, .o, b)) then [B, ] = Fy(k) has at most (kn)" po;ms
from the fact there are at most kn choices for each b;. However |( ‘ s *)[ (kn),
Thus |F,, k) I (kn)". Hence |FV [ = (kn)". Then by Lemma 2.1, (S", ) = v(k)

Thus (S, ) is V-free on k generators. The second part of the proof follows easily.

References

[1]1 G. Birkhofi: On the structure of abstract algebras, Proc. Cambridge Philos. Soc., 37 (1935),
433— 454,

[2] T. Evans: Product of points — some simple algebras and their identities, Amer. Math.
Monthly, 74 (1967), 362—372.

[3]1 G. Grdtzer: Universal Algebra (D. Van Nostrand Co., Princeton New Jersey, 1968).

[4] B. Mouzo: Correspondence with T. Evans, 1972.

[S] M. Saade: A comment on a paper by Evans, Zeitschr. f. math. Logik und Grundlagen d.
Math., 15 (1969), 97—100.

[6] M. Saade: Generating operations of point algebras, Jour. Comb. Theory, 7/ (1971), 93—100.

Author’s address: University of Georgia, Athens, Georgia, U.S.A.

26



		webmaster@dml.cz
	2020-07-03T01:37:44+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




