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I. INTRODUCTION

The behaviour of solutions of the ordinary differential equation

O X =f(x),

f: R" > R" being continuous, is frequently studied by means of Liapunov’s direct
method, i.e. through a scalar smooth function V:R" — R. The solution of the
equation (1) can be defined even without the assumption that the right-hand side
of (1) is continuous — it is well-known that measurability and local boundedness is
sufficient (see Filippov [1]). For f piecewise continuous it seems to be natural to use
piecewise continuous Liapunov functions instead of smooth ones. We shall investigate
piecewise Lipschitzian Liapunov functions in connection with stability.

II. NOTATION

Let R" be n-dimensional Euclidean space, o its zero element, U(x, 6) the open ball
with a center x and a radius §. The closed convex hull of a set 4, A = R", will be
denoted by conv A. For f : R" - R", f measurable, theset () ) conv f(U(x, ) — N)

>0 N
uN=0

will be denoted by K{f(x)}. By Lip A, A = R" we shall understand the set of all
functions f : A — R* locally Lipschitzian on 4. Let 7 be a real number, 4 — R".
The set {y € R"| y = 7. x, x € A} will be denoted by 7. 4.

Let x,, X5,..., x, be linearly independent vectors in R". The set

ax, 0 2 0fori=1,2,..., n}
1

{zeR"

z =

R
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is called a cone and its subset H,

12 ik I

H={zeR", z=)ax, o0;20fori=1,2,..,nand a;, =0, =...= 0, =0}
i=1

0 < k < nis called its (n — k)-dimensional face. The relative interior of H (i.e. the

interior in the topology of R"™*) is denoted by ri H.

Definition 1. Let ¥ = {Kl, K,, ..., K,,,} be a set of cones such that
1) riK;nriK; =0 for each i,j such that 1 < i,j < m, i # j;

2) let H,, H,, ..., H, be faces of cones from . Then (N H; is a face of each
r i=1
face H;,j=1,2,...,r(ie. N\H; = H; — riH;foreachj, 1 £ j < r).
m i=1
3) UK;=R"
i=1
Then X is called a decomposition of R" into cones. The set comprising all faces
of all cones from " is denoted by %(¢), its subset comprising all (n — 1)-dimensional

faces is denoted by #,(X).

III. DIFFERENTIAL EQUATIONS AND SOLUTIONS
IN THE SENSE OF FILIPPOV

Let f : R" — R" be measurable and bounded on R”, i.e. there is a constant B such
that | f(x)| < B a.e. in R". We shall consider a differential equation of the form (1).
According to Filippov we say that a function x(-) is a solution of the equation (1)
on an interval I = {t,,1,, t; < t, if x(+) is absolutely continuous on I and x(t) €
€ K{f(x(t))} a.e. in I (see Filippov [1]). The symbol x(-, x,) will denote a solution
of (1) which satisfies the initial condition x(0, x,) = xo. We shall suppose o € K{f(0)},
i.e. the function x(-, 0) with the property x(t, 0) = o for every ¢ is a solution of (1)
on 0, + oo). This solution will be called the trivial solution.

IV. DISCONTINUOUS LIAPUNOV FUNCTIONS AND STABILITY

Let )" be a decomposition of R" into cones. We should try to investigate Liapunov
stability of the trivial solution by means of scalar functions Vy(-) defined and
Lipschitzian on every H e #(X) and with the usual properties concerning their
derivatives along solutions. To insure stability, some additional conditions concerning
the values V;(x) and Vy(x) for x in Ln H, L, He #(X') have to be fulfilled. To
express these conditions and eventually to define Liapunov functions, certain subsets
of #(") are introduced.
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Let x € R" and let y(+, x) be a solution of the equation (1). We adopt the following
notation:

N*T(y(-, x)) =5{>'\0{H e A(A)| ?z €(0,6), y(tr,x)eri H},

R, x)=N{HeR(A)|I1e(-6,0), y(r,x)eri H},

MH(x) = URNRTO(-, X))
M (x) = U R ((-, ).

Here the symbol {J denotes the union over all solutions y(-, x) of the equations (1)
for which y(0, x) = x. The following lemma concerning the set %t *()(-, x)) is valid:

Lemma 1. Let x € R" and let y(-, x) be a solution of (1) on an interval <0, T,
T > 0. Then there exists a 5, 6 > 0, such that if there exist T and H, 1€ (0, 9),
H e R(X) such that y(t, x)eri H, then He N*(y(-, x)).

Proof. Let us suppose this lemma to be false. Then a vector x in R" and a solution
y(+, x) exist such that for every positive integer n there exist a face H, in #(%’) and
a number 7, in (0, 1/n) such that simultaneously y(t,, x) € ri H, and H, ¢ N*(y(, x)).
This and the finiteness of the set 2(’) implies that there exists a face H in %(X")
such that He N*(y(-, x)) and simultaneously H ¢ N*(y(-, x)). This contradiction
proves the assertion of the lemma.

Note. An analogous lemma concerning the set 9t~ (y(-, x)) is valid.
Definition 2. A mapping V: R” —» R is called a Liapunov function for the equa-
tion (1) and the decomposition A" if the following conditions are satisfied:
1) V(-) is continuous at o and V(o) = 0;
2) for every H in #(A’) there exists a Vy € Lip H such that
) V(x) = Vy(x) whenever x e ri H,
B) Vu(x) > 0 for every x in H — {o};
3) if Re M*(x), SeM™(x), xeri H then

Va(x) £ Va(x) £ Vs(x) 5

4) for each x € R" and H e M *(x),

I Va(x + €. 1) — Vy(x) <0
™NO0 T

holds provided ¢ satisfies the following conditions:
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o) there is 7, positive such that

x+¢.1eHn {x + 1. K{f(x)}}
for every 7 in (0, 7o);
B) there is a solution y(-, x) of the equation (1) with the property (0, x) = ¢.

Note. We shall say briefly “Liapunov function™ instead of the rather long term
“Liapunov function for the system (1) and decomposition A

Our goal is to prove that the existence of a Liapunov function implies the stability
of the trivial solution. We shall need the following two lemmas:

Lemma 2. Let x(-, xo) be a solution of the equation (1) on an interval I = {0, T,
0< T< o and let V() be a Liapunov function. Then there exists a positive
constant M such that for every t in I there exists a 0 positive such that

(2)  V(x(t, xo)) — V(x(t,x0)) < M(x — 1) whenever tel{t,t +>nI,
and
(3) V(x(t, x0)) — V(x(z, x0)) < M(t — 1) whenever telt—0d,tynl.

Proof. We prove the part concerning the inequality (2). The inequality (3) can
be proved in a similar way.

Let tel, x(t, xo) e ri P, Pe Z(A") and let R € M *(x). Since the interval I is com-
pact and x(-, X,) is a solution of the equation (1) with a bounded right-hand side,
it follows that there is a constant B, such that

[x(t, xo)| < B, whenever tel.

The assumption R e M *(x) implies Vz(x) < Vp(x), and to the constant B, there
is L such that for each face H, H € () the inequality

Vu(x1) - Vu(xz) < L”xl - xz”
holds provided x; € H, “x,” < B,, i =1,2. We have
V(x(z, xo)) = V(x(t, x0)) = Va(x(z, x0)) — Va(x(t, o)) <
< Vialx(z, x0) — Va(x(t, xo) £ L|x(z, xo) — x(t, x,)]|

whenever x(t, xo)eri R and 7 € I. This and Lemma 1 implies that there exists a 6 > 0
such that

(4) V(x(t, xo)) — V(x(t, xo)) < L||x(z, xo) — x(t, xo)|

whenever teln{t,ted).
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Since x(-, x,) is a solution of the equation (1) with a bounded right-hand side, it
follows that (see part IIT)

|x(z, xo) — x(t, xo)| < B(r — 1) whenever 0 <t<t<T.
This and the inequality (4) yields
V(x(z, X)) — V(x(t, xo)) < L. B(x — 1) whenever teln <t t+ 5y,

and the lemma is proved.

Lemma 3. Let x(, x,) be a solution of the equation (1) on an interval I and let
V(*) be a Liapunov function. If

5 A = {tel|x(t,x,) ¢ K{f(x(t, xo))} or X(-, xo) does not exist at t}

then p(A) = 0 and for every t in 1 — A and for every ¢ positive there exists y such
that 0 <y < ¢ and

(6)  V(x(r, x0)) — V(x(t, x0)) < (x — 1) ¢ whenever telt,t+7y>nI.

Proof. Since x(-, xo) is a solution of (1) the result u(A) = 0 is obvious. Let
tel — A and let x(t, xo) € ri P, Pe #(X’). For Re N*(x(+, x(1, xo)) let us denote
Mg = {tel|t 2 t,x(1, xo) € ri R}. Then t is a cluster point of the set M and it is
possible to investigate the derivative of the function V(x(-, x,)) at ¢ with respect
to My. Since tel — A we obtain

0 fim i(f’_"ff_‘:;(“‘_‘ﬂ = ¢ e K{/(x(t, xo))} -
Tt -
We shall prove |
(8) m VR(X(T’ Xo) — VR(x(t, Xo) <0.
z},t T—1

Since  Vi(x(t, xo)) = V(x(r, xo)) for 1€ My and Vg(x(1, xo)) < Va(x(t, xo)) =
= V(x(t, x)) it follows from Lemma 1 and the inequality (8) that for every ¢ positive
there exists a y positive such that the inequality (6) holds.

To prove (8) we show first x(1, x,) + &(t — 1)e R whenever te{t, t + y> and y
is sufficiently small. It is easy to show that there exists a y positive such that the vector

x(1, x0) — x(t, xo)

x(t, xo) + %
T—1

belongs to R whenever t € My and x € <0, y). Since the face R is closed it follows from
(7) that
x(t, xo) + »& € R whenever %€ <0,7).
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Hence, we have for tin {1, t + )
Valx(z. %)) = Vilx(t, x0)) =
= Va(x(t, xo) + & — 1) + ot — 1)) — Va(x(t, xo) + &(r — 1)) +
Vit x0) + &x = 1)) = Valx(t,x0) <
< Dlofe — )] + Vals(t, xo) + &x = 1) = Va(x(t. x0))
which yields

V(e 0) — Vil x0) - Vel xo) + & — ) — Vo xe)
N T —t W T —t -

teMp

and the lemma is proved.
The main result is the following

Theorem. Let f be measurable and bounded and let V be a Liapunov function for
the decomposition A" and the equation

% = f(x).
Then the trivial solution is stable.

Proof. Let x(+, xo) be a solution. We prove that the function V(x(-, x,)) is non-
increasing. This and the well-known prolongability theorem (see Filippov [1] p. 112)
yields stability by means of the standard procedure (see e.g. Zubov [2] p. 47).

Let ¢ be an arbitrary positive number and let real numbers ¢, t, such that 0 <
< t, = t, be given. It follows from the Vitali covering theorem and from Lemma 3
that there exists a finite system of closed disjoint intervals I, I; = <%, ¥’ such
that

k
ity =UTLivQ, W) <e
j=1
and

z Ve, x0)) = VX, o)) S 8(ts — 1,).

Since Q = {1, t,) — UI it follows that Q = U J;, where J, i =1,2,...,q are

disjoint intervals. Let a J,, efl, ..., q} be ﬁxed Then J, = (0, 1) and it follows
from Lemma 2 that there exists a positive constant M which is independent of ¢
such that for every t in J, there exists an open interval U(t, d),

U(t,8) =(t — o, t + 0)
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such that
V(x(1, x0)) — V(x(t, x0)) £ M(x — 1)

whenever 7 e (t,t + ). The neighbourhoods U(t, §) form an open covering of the
interval J, and there exists a finite system of intervals U(1?, 9), i = 1,2, ..., s which
still covers the interval J,. Using these intervals U(1'”, d) it is easy to prove that
there exist intervals L;, L; = <{n;, n;3+,>, i = 1,2, ..., s, which still cover the inter-
val J, and have disjoint interiors such that

V(x(’hﬂ, Xo)) — V(x(n:, xo)) = My, — '7i)-
This results in the inequality
V(x(3, xo)) — V(x({". xo)) £ M(:§” — 1{").

Since the intervals I;, i =1,2,....k and J,, i =1,2,...,q cover the interval
{t;, t,) and have disjoint interiors, we obtain

V{x(tz, x0)) = V(x(t2. xo)) < otz = 1,) + Mp(U ) < s(t; — 1,) + &M

where ¢ is an arbitrary positive number and the proof is complete.
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