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1. Introduction. Throughout this note G will denote a lattice-ordered group
(“l-group”). If S = G and if M is a convex [-subgroup of G, let p(S, M) = {x €
€ G| |x| A |s| € M for all s e S}. Then p(S, M) will be called the M-polar of S in G.
The definition of an M-polar extends the concept of a polar, that is, the case where
M = {0}. Polars have been used extensively in the literature and this notc is devoted
primarily to an investigation of those properties of polars which can be extended to
M-polars.

In Lemma 3.1 it is shown that p(S, M) is a convex I-subgroup of G and that S and
the convex I-subgroup of G generated by S define the same M-polar. If S is a convex
I-subgroup of G, then it is shown in Lemma 3.3 that p(S, M) = p(S, S n M). Thus,
without loss of generality, it may be assumed that M < S and that S is a convex
I-subgroup of G. It is shown (Theorem 3.10) that for a fixed convex [-subgroup M
of G, the collection of all M-polars is a complete Boolean algebra. Also, it is shown
(Theorem 3.14) that the collection of all M-summands is a subalgebra of this collec-
tion. These results generalize the theorems on polars and cardinal summands which
were first proven by F. Sik in [9], and rediscovered by many others. P. CONRAD
([3], Theorem 3.5) used a mapping  defined by Mt = M n S to establish a one to
one correspondence between the prime subgroups of G not containing S and all
proper prime subgroups of S, where S.is a convex I-subgroup of G. In Theorem 3.5
the inverse of the mapping 7 is extended to all convex I-subgroups of S and this
extension is done with M-polars.

2. Notation and terminology. For the standard definitions and results concerning
I-groups the reader is refered to [1] and [6]. A subgroup C of G is an I-subgroup
provided that C is a sublattice of G, and C is a convex subgroup if 0 S g < ceC
and g € G imply that g € C. A convex [-subgroup C of G is called a prime subgroup
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if whenever a and b belong to G* = {ge G ] g = 0} and not C, then a A b > 0.
Theorem 3.2 of [3] gives six equivalent definitions of a prime subgroup. A convex
I-subgroup that is maximal with respect to not containing some g in G is called
a regular subgroup. Each regular subgroup is prime ([3], Corollary to Theorem
3.1). Let I be an index set for the collection G, of regular subgroups of G. For
each yer there exists a unique convex I-subgroup G of G that covers G,.If g belongs
to G’ but not G,, then G, is said to be a value of g. By Zorn’s lemma each 0 + g € G
has at least one value.

If S < G, then (S) ([S]) will denote the subsemigroup (subgroup) of G that is
generated by S. If 4 and B are sets, then A\B will denote the set of elements in A4
but not in B, and 4 = B denotes that 4 is a proper subset of B.

3. M-polars. If S < G and if M is a convex I-subgroup of G, let p'(S, M) =
= p(S, M) = {xe G ||x|] A |s| e M for all se S} and, by induction, let p"(S, M) =
= p(p"~*(S, M), M) where n > 1. p(S, M) will be called the M-polar of S in G.
The {0}-polar of S will be denoted by p(S) and will be called the polar of S. If S =
= {s}, then p(S, M) will be denoted by p(s, M) and we shall call p(s, M) a principal
M-polar. Clearly p(S, M) = N{p(s, M) | se S}. Let S’ = {|s| | se S} andif X = G*,
let Xy = {geG* |g < x for some x € X}.

Lemma 3.1. (1) p(S, M) is a convex l-subgroup of G, M <= p(S, M), and S =
< p*(S, M).

(2) If T < G such that S" < (T")y, then p(T, M) < p(S, M).

(3) {S'>4 is a convex subsemigroup of G* that contains 0, hence [{S'),] is
a convex l-subgroup of G. Moreover, p(S, M) = p([{S'>+], M).

Proof. (1) If x, ye p(S, M) and s€ S, then 0 = |x — y| A |s| < (|x] + |y] +
+x) A sl = (x| A s+ (y] A [s]) + (]x] A |s])e M. Since M is convex, it
follows that |x — y| A |s|e M and so x — ye p(S, M). If ze G, x € p(S, M), and
se S such that |z| < |x|, then 0 < |z] A |s] £ |x| A |s] € M. Therefore z € p(S, M)
and p(S, M) is a convex [-subgroup of G ([3], Proposition 3.1). It follows from the
definition of M-polar that M < p(S, M) and that S < p*(S, M).

(2) Let x e p(T, M) and let s e S. Then |s| < [¢| for some ¢ in T. Thus 0 < |x| A
A ls| £ |x| A |t] e M and so x € p(S, M).

(3) By the definition {S’), is a convex subset of G* and contains 0. If x, y € (5",
then 0 < x + p < [sq| + ... + [s.] + |ts] + ... + |ta] € (5D, Where s, t; € S. Thus
x + ye{S)y If Tis a convex subsemigroup of G* that contains 0, then [T] is
a convex [-subgroup of G and [T]* = T([5], Theorem 2.1). By (2) p([<S">+], M) =
< p(S, M). Let 0 < x € p(S, M) and let a € {S"D4. Then 0 < a < [s;] + ... + |5, €
€(S'> where s;€ S. Therefore 0 S x A @ = x A (Isy| + ... + [s,]) = (x A [5,]) +
+ ...+ (x A |s,]) e M. Thus x € p([<S' 4], M).
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It will be assumed for the remainder of this note that S is a convex l-subgroup
of G.

For g€ G, let G(9) = {xe G| |x| < n|g| for some positive integer n}. Then G(g)
is the smallest convex [-subgroup of G containing g ([3], Proposition 3.4). Clearly
G(g) = G(|g|)- The following is immediate from (3) of the lemma.

Corollary 3.2. For each g in G, p(9, M) = p(G(g), M).

Lemma 3.3. (1) If Lis a convex I-subgroup of G such that M <= L, then p(S, M) <
< p(S, L). In particular, for any convex I-subgroup J of G, p(S, M) n p(S, J) =
= p(S, M n J).

(2) p(S, M) = p(S,S n M) = p([S U M], M).

(3) S = M if and only if S < p(S, M) if and only if p(S, M) = G.

Proof. (1) Let 0 < xe p(S, M) and let 0 < se S. Then x A se M = L and so
x e p(S,L). Thus it follows that p(S,M nJ) < p(S,M)n p(S,J). If 0 <xe
ep(S,M)n p(S,J)and if 0 < s€S, then x A se M N J and so xe p(S, M n J).

(2) By (2) of Lemma 3.1, p([S u M], M) < p(S, M). Let 0 < xe p(S, M) and
letO0 < sy +my +...4+s,+m,e[SUM].Then0 = x A (s; + my + ... +5, +
+m)=xAlsg+mg+ .4 s, +m| < x A (s] + [my] + o+ 5]+ m| +
s 4y F s ) S A fs) + A ) + o+ (x A m)) + o+
+ (x A Im‘l) +(x A !s,|)e M. Hence x e p([S u M], M). By (1), p(S,S n M)
< p(S,M). If 0 < xe p(S, M) and if 0 < s€S, then x A seSN M and so xe€
€ p(S, S n M).

The proof at (3) is straightforward and will be omitted. For the remainder of this
note it will be assumed that M is a convex I-subgroup of S.

Lemma 3.4. (1) M = p(S, M) 0 S = p(S, M) n p*(S, M).

(2) If Lis a convex l-subgroup of G such that Ln'S = M, then L < p(S, M).
Thus p(S, M) is the largest convex l-subgroup of G whose intersection with S is
contained in M.

(3) p(S, M) = p*(S, M).

Proof. (1) By assumption M < S and by (1) of Lemma 3.1, M < p(S, M) and
S < p*(S, M). Thus M < p(S, M) n S = p(S, M) n p*(S, M). If 0 < x e p(S, M) n
N p*(S, M) then x e p(S, M)* and x e p(p(S, M), M). Therefore x = x A xe M.

(2 If0<xeLand if 0 <seS, then x A se Ln S < M. Hence x € p(S, M).
The remainder of (2) follows from (1).

(3) From (1) of Lemma 3.1, S = p?(S, M) and so by (2) at the same lemma,
p(S, M) =2 p(p*(S, M), M) = p*(S, M). p(S, M) n p*(S, M) = M implies by (2)
that p(S, M) = p*(S, M). .

Let & = {J|J is a convex I-subgroup of S} and let J = {p(S, J)|J e}
Define a mapping o from & into # by Jo = p(S, J).
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Theorem 3.5. ¢ is a one to one inclusion preserving mapping of & onto S such that
for ,Me%, (JaM)e = Jon Ms. o~ ' is given by p(S,J)o™" = p(S, J) n S.
If Lis a prime subgroup of G that does not contain S, then L = p(S,S n L) =
= (Sn L)o. J is a prime (regular) subgroup of S if and only if p(S, J) is a prime
(regular) subgroup of G. Moreover, if s€ S, then J is a value of s in S if and only
if p(S, J) in a value of s in G. Finally, if S = G(g), then M is a maximal convex
l-subgroup of S if and only if p(S, M) is a value of g in G.

Proof. Clearly ¢ is a function. By (1) of Lemma 3.3, ¢ is inclusion preserving. It
follows from (1) and (2) at Lemma 3.4 that ¢ is one to one and by the definition of .7,
o is onto. (1) of Lemma 3.3 shows that ¢ distributes over finite intersections and (1)
of Lemma 3.4 shows that p(S, J)o™! = J = p(S, J) n S.

Suppose that Lis a prime subgroup of G that does not contain S. By (2) of Lemma
3.4, L < p(S, S n L). Suppose (by way of contradiction) that there exists 0 < x e
ep(S, SN L)\L.Let0 < se S\L. Then x A se S n L = L, but this is a contradiction
as Lis a prime subgroup of G ([3], Theorem 3.2).

The proof of the remainder of this theorem is analogous to the proof of Theorem
3.5 in [3] and will be omitted.

If X is a subset of S(G), then N(X) (N(X)) will denote the normalizer of X in S(G).

Theorem 3.6. N(M) = S A N(p(S, M)). Thus M is normal in S if and only if
p(S, M) is normal in [S U p(S, M)]. In particular for any y in I, the following are
equivalent.

(1) G, is normal in G.

(2) G, n G(g) is normal in G(g) for all g € G'\G,.

(3) G, n G(g) is normal in G(g) for some g € G'\G,. This is the case if G, is
the only value of some g in G.

Proof. If xeSnN(p(S,M)), then x + M —x=x+ p(S,M)nS —x =
=(x+ p(S,M) = x)n(x + S — x) = p(S,M) nS = M. Thus xe N(M). Con-
versely if x e N(M), then M =x + M — x =x + p(S, M) n'S — x = (x +
+ p(S, M) — x) 0 S. By (2) of Lemma 3.4, x + p(S, M) — x < p(S, M). Therefore
x€ S n N(p(S, M)).

If M is normal in S, then S = N(p(S, M)). Hence [S U p(S, M)] = N(p(S, M)).
Conversely if [S U p(S, M)] = N(p(S, M)), then N(M) = S o N(p(S, M)) = S.

Next suppose that (1) is true, let g € G'\G,, and let S = G(g). Then N(G, n G(9)) =
= G(g) n N(G,) = (G(9) n G") n N(G,) = G(g9) n G' = G(g). Thus (2) is true. (2)
implies (3) is trivial. Suppose that (3) is true. Then since [G, U G(g)] is a convex
l-subgroup of G that properly contains G,, it follows that G’ = [G, U G(9)] =
< N(G,). If G, is the only value of some g in G, then G, N G(g) is the largest convex
l-subgroup of G(g) and hence normal in G(g). This last assertion was proven in [2]
(Proposition 2.4) by P. Conrad.

The next theorem is a generalization of Theorem 2.3 in [4].
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Theorem 3.7. For M < S, the following are equivalent.

(a) M is prime in p*(S, M).

(b) M is prime in S.

(¢) p(S, M) is prime in G.

(d) p(S, M) = p(s, M) for each 0 < se S\M.

(e) p(S, M) is a maximal M-polar.
p*(S, M) is a minimal M-polar.

(8) P*(S, M) is a maximal convex l-subgroup of G with respect to the property
that M is prime in p*(S, M).

Proof. (a) implies (b). This follows from the definition of prime and the fact that
S < pX(S, M).
(b) implies (c). This follows from Theorem 3.5.

(c) implies (d). By (2) of Lemma 3.1, p(S, M) < p(s, M) for each 0 < se S\M
Suppose (by way of contradiction) that there exists 0 < x € p(s, M)\p(S, M) for
some 0 < se S\M. Then s ¢ p(S, M), for otherwise, s€ S n p(S, M) = M. There-
fore x A s¢ p(S, M) as p(S, M) is prime ([3], Theorem 3.2), but this is a contradic-
tionasx A se M < p(S, M).

(d) implies (e). Suppose that p(S, M) = p(D, M) = G, where D is a convex
I-subgroup of G that contains M. p(D, M) < G implies that M = D.If D < p(S, M),
then D= Dn p(S,M)<= Dn p(D, M) =M, a contradiction. Let 0<de
e D\p(S, M). d ¢ p(S, M) implies that there exists 0 < s€ S such that d A s¢ M
and hence d A se D n (S\M). By (2) of Lemma 3.1, p(D, M) < p(s A d, M) and by
(d), p(S, M) = p(s A d, M). Therefore p(D, M) = p(S, M).

(¢) implies (f). Suppose that M = p(D, M) < p*(S, M), where D is a convex
I-subgroup of G that contains M. By (2) of Lemma 3.1 and (3) of Lemma 3.4,
p*(D, M) 2 p*(S, M) = p(S,M)and since M = p(D, M),G = p(M, M) > p*(D, M).
Since p(S, M) is maximal, it follows that p(S, M) = p*(D, M). Therefore p(D, M) =
= p*(S, M).

(f) implies (g). Suppose (by way of contradiction) that M is not prime in p?(S, M).
Then there exists 0 < x, y € p*(S, M)\M such that x A y = 0. x € p*(S, M) implies
that p(x, M) 2 p(S, M) = p(S, M) and so p*(x, M) < p*(S, M). Since p*(S, M),
is assumed to be minimal and x € p*(x. M)\M, it follows that p*(x, M) = p*(S, M).
Hence p(x, M) = p(S, M). y A x = 0 implies that y € p(S, M). Since y e p*(S, M),
it follows that y € p(S, M) n p*(S, M) = M, a contradiction. Thus M is a prime sub-
group of p?(S, M). Suppose that B is a convex I-subgroup of G such that p*(S, M) <
S B and such that M is prime in B. Let 0 < se S\M < B\M. Since it has been
shown that (b) implies (d), it follows that p(B, M) = p(s, M) = p(S, M). Therefore
B < p*(B, M) = p*(S, M).

(g) implies (a) is immediate.
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Corollary 3.8. If M is a proper prime subgroup of S, then the following are
equivalent.

(a) M is prime in G.

(b) P*(S, M) = G.

(c) p(S, M) = M.

This corollary follows from the theorem and Theorem 3.5. A convex I-subgroup C
of G is said to be closed if whenever {g,|ae A} = C such that Vg, exists implies
that Vg, € C. It is well known that polars are closed subgroups.

Lemma 3.9. (1) M is closed if and only if p(S, M) and p*(S, M) are closed.

(2) For each e A let S, be a convex l-subgroup of G such that M < S;. Then
Np(Sz M) = p([US;], M).

(3) If T is a convex I-subgroup of G that contains M, then p*(S n T, M) =
= pX(S, M) n p(T, M).

Proof. (1) To show that a convex I-subgroup is closed, it suffices to consider
positive elements. Suppose that M is closed and let {g, |2 e A} < p(S, M)" such
that Vg, exists. If 0 < se S, then g, A se M for each « € 4, hence (Vga) AS=
= V(9. A s)e M ([1], p. 221) since M is closed. By a similar argument it follows
that p?(S, M) is closed. The converse is trivial as the intersection of closed subgroups
is closed and p(S, M) n p*(S, M) = M.

(2) For each a e A it follows by (2) of Lemma 3.1 that p(S,, M) = p([US,], M), ~
hence Np(S,, M) 2 p([US,], M). Conversely for each ae A, (Np(S;,, M)) N S, =
S p(S,» M) N S, = M, hence V,((Np(S:, M) N S,) = (Np(S; M)) n ([US,]) € M
([7]. Theorem 2). Therefore by (2) of Lemma 3.4, Np(S;, M) = p([US,], M).

(3) From (2) of Lemma 3.1 it follows that p*(S n T, M) = p*(S, M) n p*(T, M).
Let 0 < xe p*(S,M) n p*(T, M), let 0 < yep(Sn T, M), let 0 < seS, and let
0=<teT Thens A teSn T, therefore y A s AteMandsox Ay AsAteM.
It follows that x A y A se p(T, M). x € p*(T, M) implies that x A y A se p*(T, M).
Therefore x A y A se p(T, M) n p*(T, M) = M, hence x A ye p(S, M). Now
x A yep*(S, M) as x e p*(S, M). Thus x A ye p(S, M) n p*(S, M) = M. There-
fore x € p*(S N T, M).

It is easy to construct examples to show that (3) of this lemma is not true for
arbitrary intersections.

A Boolean algebra is a lattice with a smallest element 0 and a largest element 1
which is complemented and distributive. Let M be a fixed convex I-subgroup of G
and let # denote the collection of all M-polars of G. By Lemma 3.3 % = {p(C, M) | C
is a convex I-subgroup of G} = {p(D, M)|M < D and D is a convex l-subgroup
of G}. We define a partial order on # by set inclusion. For {p(S,, M) | 1e A} < 4,
define L1;p(S;, M) = p*([Up(S;: M)], M) and m,p(S;, M) = p([Up*(S,, M)], M).

Theorem 3.10. The collection # = #( L, M, <) of all M-polars of G is a complete
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Boolean algebra where the 1 is G and the 0 is M. p(4, M) U p(B, M) = p(A n B, M)
and p(A, M) ™ p(B, M) = p([A v B], M) = p(4, M) A p(B, M). Moreover, if
p(T, M), p(S;, M) e B(% e A), then ™,p(S,, M) = (;p(S, M) and (T, M)
m (LJAP(SA’ M)) = l_l,-.(p(T, M) ™ p(Sb M))

Proof. Let {p(S;, M)|ie A} = #. By Lemmas 3.9 and 3.4 it follows that
mp(S,» M) = p([Up*(S, M)], M) = Np*(S;, M) = Np(S:, M) = p([US,], M).
Therefore \p(S;, M) is an M-polar and is a lower bound for {p(S;, M) | 2 e A}. If
p(C, M) is any other lower bound for {p(S,, M) | 2 € A}, then N\p(S;, M) 2 p(C, M).
Thus Np(S;, M) is the greatest lower bound for {p(S;, M) | 2 € A}. For each a € 4,
p(S» M) < [Up(S,, M)], hence p(S,, M) = p*(S,, M) = p*([Up(S:, M)], M). If
p(C, M) is any other upper bound for {p(S;, M) | A€ A}, then p(C,M) =2 [Up(S,, M)].
Therefore p(C, M) = p*(C, M) 2 p*([Up(S;, M)], M). Thus p*([Up(S;, M)], M)
is the least upper bound for {p(S;, M) | /. € A}. In particular, if A is finite, then it
follows from Lemma 3.9 that p*([Up(S,, M)], M) = p(p([Up(S,, M)], M), M) =
= p(Np*(S;, M), M) = p*(NS,, M) = p(NS,, M). Thus Z is a complete lattice. Let
p(T, M) € #. Then by Lemma 3.4, M = p(T, M) n p*(T, M) and from the above
G = p(M, M) = p(p(T, M) n p*(T. M), M) = p(T, M) LI p*(T, M). Thus % has a 0
and a 1 and is complemented. To show that # is a distributive lattice, it suffices to
show that p(T, M) m(w1,p(S;, M)) = Li,(p(T, M) M p(S,, M)). By an application
of Lemmas 3.4 and 3.9, the definition of LJ, and Theorem 2 in [7], it follows that

p(T, M) 1 (L,p(S3, M)) = p*(T, M) 0 (p*([U,:p(Ss, M)], M)) =
= p*(p(T, M) 0 [U;p(S:: M)}, M) = p*([UL(P(T. M) 0 p(S;, M))], M) =
P([U.p([T Y S.)), M)], M) = L,p([T U S;], M) =
L(p(T, M) 0 p(S;, M)) = L,(p(T, M) 71 p(S;, M)) .

Il

This completes the proof of the theorem.

Let L and L be lattices. If 7 is a mapping of L into L with the property that
(x vy)n=xnv yrand (x A y)n = xn A yn for all x, ye L, then 7 is called
a lattice homomorphism. A one to one lattice homomorphism is called a lattice
isomorphism. If L has a least element 0, then the set K(n) = {xe L| xn = 0} is
called the kernel of n. If n; and =, are two lattice homomorphisms of a lattice L,
then 7, is said to be greater than m, (see [8]) if for all x, y € L, xn, = ym, implies
that xn, = yn,.

Let ¥ denote the lattice of all convex [-subgroups of G and let M be a fixed element
of €. For A in ¢ define An = p*(4, M). The next theorem is a generalization of
a result of K. LoRENZ ([7], Theorem 4).

Theorem 3.11. n is a lattice homomorphism of € onto #. If {C, | led} =@,
then [UC;] n = LI(C;n). M is the largest element in K(r) and n may be charac-
terised as a maximal lattice homomorphism of € such that M is the largest element
in K(m).
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Proof. Clearly n is a function. It follows from (3) of Lemma 3.4 that n
restricted to 4 is the identity, hence n is onto. If A, Be %, then by Lemma 3.9,
An n Bn = p*(4A, M) n p*(B,M) = p*(AnB,M) = (An B)n, and by Lemma
3.9 and Theorem 3.10, An L Bn = p*(A, M) L p*(B, M) = p(p(A, M), M) LI
i p(p(B, M), M) = p(p(A, M) n p(B, M), M) = p*([4 u B], M) = ([4 U B]) n.
Thus = is a lattice homomorphism. If {C, ] i€ A} = €, then by successive use of
Lemmas 3.9, 3.4, and 3.9 and the definition of LJ, it follows that [UC,] n =
= p*([UC;:) M) = p(p([UC;]. M), M) = p(Np(C;, M), M) = p(NP*(C;, M), M) =
= p*([Up*(Cs M)], M) = Lip*(C;, M) = LI(C;m).

Mn = p*(M, M)=M,hence MeK(n).If Ae% such that An = M, then G = p(M, M) =
= p3(4, M) = p(A, M) and so by Lemma 3.3, A = M. Let t be any lattice homo-
morphism of € such that M is the largest element in K(t). For each 4 in % let A\(A) =
={Ce% [ At A Ct = Mr}. Now suppose that there exists A, B € € such that At =
= Br. Then A(A4) = A(B). If Ce A(A), then (A N C)t = At A Ct = Mt and so
AN C < M. By Lemma 34, C = p(A, M). In particular, p(4, M) e A\(A) and is
the largest member of A(A). Similarly p(B, M) is the largest member in A(B) and
since A\(4) = A(B), it follows that p(4, M) = p(B, M). Therefore An = p*(A, M) =
= p*(B, M) = Bn.

It is easy to show that the mapping p(C, M) — p*(C, M) is an anti-lattice iso-
morphism of Z onto #. Now let 2 = {p*(a, M) | a € G*}. We shall call the elements
of 9 principal M-bipolars. The next theorem uses the result by K. Lorenz ([7],
Lemma 1) that for a,beG*, G(a n b) = G(a) n G(b) and that G(a v b) =,
= [G(a) U G(b)]. With this we extend Theorem 3 in [7].

Theorem 3.12. The set 9 is a sublattice of A, where p*(a, M) 0 p*(b, M) =
= p*(a A b,M) and p*(a, M) L p*(b, M) = p*(a v b, M), a,be G". Thus the
mapping o of G* into 9 defined by ag = p*(a, M) is a lattice homomorphism of G*
onto 9 with kernel M*. Moreover, if {g, I ac AL = G* such that Vg, exists and
if M is closed, then (Vg,) ¢ = LI(g,0)-

Proof. By Corollary 3.2, p*(a, M) = p*(G(a), M). Let p*(a, M), p*(b, M) e 2.
Then by Lemma 3.9, ag n bo = p*(a, M) n p*(b, M) = p*(G(a) n G(b), M) =
= p*(G(a A b),M) = (a A b)g and by Theorem 3.11, ag LI bo = p*(a, M) LI
w1 p*(b, M) = p*([G(a) v G(b)], M) = p*(G(a v b), M) = (a v b) ¢. Therefore
is a sublattice of & and g is a lattice homomorphism of G* onto . If ag = M, then
p(a, M) = p*(a, M) = p(M, M) = G, hence by Lemma 3.3, ae M*. Conversely if
aeM?, then ag = p*(a, M) = p*(M, M) = M and so a € K(p).

Next suppose that {g, | x € A} = G* such that g = Vg, exists and suppose that M
is closed. g = g, implies that p(g, M) < p(g,, M) for all a in A. Therefore p(g, M) =
< Np(g., M). Let 0 < x € Np(g,, M). Then x A g,€ M for all  and so x A g =
=x A (Vg,) = V(x A ¢,) € M. Thus p(g, M) = N\p(9., M). Therefore by Lemmas
3.4 and 3.9 and the definition of L, it follows that go = p*(g, M) = p(p(g, M), M) =
= p(NP*(gm M), M) = p*([Up*(g.. M)], M) = Lp*(9. M) = LI(g,0).
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In the case M = {0} there is a natural lattice isomorphism of the lattice of all
carriers of G (see [6], P. 72) onto the collection of all principal bipolars of G.

A convex l-subgroup A4 of G is called an M-summand of G if there exists a convex
I-subgroup B of G such that G = [A U B] and A n B = M. If this is the case, then
it will be denoted by G = 4 |+| B.

Lemma 3.13. (1) If G = A |+|B and if C is a convex l-subgroup of G that
contains M, then C = (C n A)|+|(C n B).

(2) If G = A|+| B, then A = p(B, M) and M = p(4, M) n p(B, M).

Proof. (1) (CnA) N (CAB)=CnAnB=CnM=M and [(Cn A)u
V(CNB)]=Cn[AUuB]=CnG=C.

(2) By Lemma 3.4, 4 n B = M implies A = p(B, M). If 0 < x € p(B, M), then
x=a;+ by +... 4+ a, + b,, where a; € A and b; € B and without loss of generality
it may be assumed that a; and b; are greater than or equal to 0. Thus for each i(1 <
<i<n),0=<b;=bAb;<(ay+b;+..+a,+b)Ab =xAnAbeMas
x € p(B, M). Therefore b;e M = A and so x eA M =p(G,M) = p([4A v B], M) =
= p(4, M) n p(B, M) by Lemma 3.9.

For a fixed convex I-subgroup M of G, let .# be the collection of all M-summands
of G. In particular, G, M e 4. If M = {O}, then this is precisely the collection of all
cardinal summands of G.

Theorem 3.14. .# is a subalgebra of %. Moreover, for A,Ce M, ALIC =
=[A4 U C]. Thus A is a sublattice of €.

Proof. By Lemma 3.13 .# is a subset of 4. If A, Ce .#, then G = A ’+| B =
= C|+| D for some B, D € .//. By Lemma 3.13 it follows that G = (4 n C) |+| (B n
NC)|+|D=A|+|(BnC)|+|(BnD). AnC, A|+|(Bn C)e.# and clearly
[AuC]=A4|+|(BnC). Thus AuLC = p([AuC],M)=p*4]|+|(Bn
N C), M) =A|+|(Bn C)=[4u C]. It follows from Lemma 3.13 that if A € .,
then p(A4, M) e /. Hence . is a subalgebra of 4. Since 1 in % agrees with () in &,
it follows that .# is a sublattice of &.

In general ./ is not a complete subalgebra of 4. It is not difficult to construct
examples to show that the hypothesis that .# is a complete subalgebra of # is not
sufficient to insure that .# will be a complete sublattice of %.
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