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Чехословацкий математический журнал т. 16 (91) 1966, Прага 

ON А DOMAIN OF THE TYPE '^ 

JAN KADLEC, Praha 

(Received April 12, 1965) 

In [1], domains of type "^ were defined. We shall recall this definition: 
Let ß c: £„ be a bounded open domain in euclidean n-space E„; then Q x (— oo, 0) 

is the set of all pairs (x, t) with x e Q and t < 0. Let /c ^ 0, / ^ 0 be integers. Then M 
denotes the space of all complex-valued infinitely differentiable functions cp with 
compact support in О x (—oo, со), such that d'^cpjof [x,Ö) = 0 for a = 0, 1, ..., 
i — L Let J/ be the closure of M, under the norm 

Ikll = ( I |̂ V|MOX(-OO,OO)) + kl ' )" . 
\i\=k 

where 

and where g^^(x, ^) = (1/27г) J'^^ (p{x, t) e''^^ dt is the Fourier transform of the 
function (p in the direction t. Let / ' == / + ^. 

By ^W2^'^'\Q X (—CX), 0)) we denote the space of all functions и for which there 
exists a function û such that û e J/ and u{x, t) = й{х, t) for (x, t) e Q x (— oo, 0). 
This latter space is a Banach space with respect to the norm 

||u||^-^'^^ = inf ||wj| = M, 
« e ^ , " I ß x (-oo,o)=M 

and it is a Hubert space with respect to a suitable scalar product. 
Let us denote by ^{Q x {a, b)) the space of all infinitely differentiable complex-

valued functions with compact support in ß x (a, b). 
Put 

<.,.,>«_ = (- iy-f f ûÇ^dQdt 
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foT(pe^{Q X (--<x),0))andMe°M/f-''>(ß x ( -oo ,0) ) ,and 

| и | ^ ° > = sup |<. ,Ф>°_| .* 
| | < P | | R ( - O O , 0 ) ^ 1 

J^yf'^'^(ßx(-^00,0)) will denote the space of all functions w 6 ^ l ^ f ' ' ' X ^ x ( ~ 00,0)) 
for which |w|p °°' ^ < 4- 00. This space is a Banach space with respect to the norm 

| | ^ | | ( , - - ' 0 ; ^ ((||^[|(^^ 00,0)̂ 2 ^ (|^,j(,-00,0)^2)1 

(see [I]). 

It is known [1], that ^{Q x ( - o o , 0)) is dense in lw^^'^'\Q x ( - o o , 0)). Hence 
one may define <w, ?;>^^ for all ue^pW^^'^'\Q x ( - o o , O)) and ve^W^^'^'Xü x 
X (~ 00, 0)) as Hm <м, cp}^-^, where cp e ^((2 x ( - oo, 0)) and ^ -^ t; in the norm 

oflW^'''\Qx 1-00,0)), 

Now define ß 6 ф '̂̂ '̂ ') iff- Re<w, w>^^ ^ 0 for all w G ^ ^ f ' ^ ' ^ ß x ( - o o , 0)), 
and then set ^^ = () ^^^'^'\ 

çjj(o),i (denotes the set of all bounded open domains Q whose boundary Q' can 
be described locally by functions satisfying a Lipschitz condition (for the precise 
definition see [2]). 

The main aim of this paper is to prove that 91^^ '̂̂  с **p. 
In 1 4 - 1 7 it is shown that Re<w, w>?.^ ^ 0 for и e^pW^'^'^'\Q x ( - o o , 0)), 

employing some properties of solutions of ordinary differential equations. In the proof 
of Theorem 19 we make use of the fact that <(w, w)?.^ depends continuously on w as w 
varies continuously in the sense of both the strong topology in ^^2^'^^(ß x (— oo, 0)) 
and the weak topology in pW^^'^'\Q x (—oo,0)). One first approximates и by 
a function with suitable support, and then apply a regularization technique in the 
direction of the space variables (cf. 5 — 12). Thus one obtains a и epW^^'^'\Q x 
X ( - 0 0 , 0)). Using 1 4 - 1 7 we have 9^^° '̂' c: sp. 

1. Theorem. Let Q e Щ.^^^'^ and Q{X) denote the distance from the point x to the 
boundary Q\ Then there is a function cr(x) infinitely differentiahle in Q and conti­
nuous on Q such that 

for X G O, |i| ^ 1. The constant C(i) depends only on i and Q. 

For the p r o o f see [2]. 
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2. Theorem. Let g{t) be a measurable function of a real variable on (0, oo).-
Let 1 < ] ? , а ф р — 1 and 

Лею 

\g{t)\''fàt< + 0 0 . 

Then 

;[jW|..]'-..,s(j-3i-^Jjj,(,)|'.-a, 
for a < p — 1 and 

|;[];w,)H,j..-M,s(^-^)'|j.(.)i'.M, 
/o r a > p — 1. 

For the p roo f see [3]. 

3. Lemma. Let f be real-valued infinitely differentiable function of a real variable 
such that f{t) = 0 for t Sh f{t) = 1 /o r f ^ J. Put fj^i) = f(t\h) for h > 0. 
Clearly, f i ^ = h-^f^%t\h) and j/^'^l ^ C{a)h~\ On setting Fj^x) = fio{x)) 
for X eQ, it results that 

1) F,{x) = lforQ{x)^h, 

2) F,{x)e^{Q), 

3) D' F^ix) = 0 /o r \i\ > 0 and Q{X) ^ h, 

4)1 D^ Ff,{x)\ й C{ï) h-'for \i\ -^ 0 and h < 1. 

Proof. l ) - 3 ) follow from the definition of F^. To prove 4) first establish the 
following equality: 

(1) D ' f , (x ) = I C i , , / r ( ^ ) ) П {D''o{x)r. 

Here 

(2) « + Z {\j\-l)ßju\i\ 

and C^ß. are constants depending only on the indices i, a, ßj-

Obviously (1) holds for Щ = 0. Let (l) be true for |i | = m. Diff'erentiating (1) 
with respect to some variable one obtains a sum of members of the form 

с/ГМ^)) П {D^<^)r 
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and of the form 

lu\J\u\i\,J*Jo 

where \j^\ = \jo\ + 1. 

The sums (2) corresponding to these members are 

^ + 1 + I {\j\-l)ßju\i\ + i 

and 

« + E (|il - 1) ßj + (|io| - 1) ißjo - 1) + dill - 1) ißn + 1) ^ 1̂1 + ' • 

Hence (1) follows by induction (for all /); by (2) and Theorem 1 we then obtain 
for h < 1 that 

\D'F,{x)\ й c/i-(«^^^l '̂l-^>^^-^ й Ch-

as asserted. 

4. Theorem. Let g{t) be absolutely continuous on the interval <0, GO) and g{0) - 0. 
Then 

Jo t 
dt < с 9 '{tfdt. 

Proof. This follows from Theorem 2 where 

t 

д'{т) dt = g{t) , p = 2 , a = 0 . 

5. Theorem. Let и e ^Wi^^^^'^Q x ( - oo, 0)), Q e П^^^^К Put и^{х, t) = F^(x) u{x, t). 
Then u^ -> и in IW^^'^'\Q x ( - o o , 0)). 

Proof. Letw GJi, w|^x(-oo,o) = w. Then Тф. e Л and F^w|ox(-oo,o) = ^h^-
It is easy to prove that Fß -> w in L2(0 x ( - o o , oo)) and \й - F;,M1^ -> 0. 

Indeed, 

\û - F,u\' = Г Г |^|2'-i (1 _ F,{x)f \-S, й{х, nf dx an й 
J ß J -OO 

Г poo 
èC\ \rl\'^'''\^,й{x,nfàxdn = C{h), 

JxeQ,Qix)<hJ _^ 

where C{h) -> 0 as h -> 0. 
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Let [X^, x^J be a local coordinate system corresponding to U^, and a,, functions 
describing the boundary of Q. We denote by Л^ the projection of U^ into the space 
of the first (n — 1) variables. Also omit the index r and write и instead of ucp^-

Put Fhû = й^. Clearly 

||W - % | | ^ C X \{u(pr) - {u(Pr)h\ . 
r 

and if \йср^ — {û(p^)fj\\ -> О as /г -> О for all г then ||w — й;,|| -> О as h --> 0. Thus it 
is sufficient to prove our theorem for uq)^. 

Let |г| ^ k. Then 

D' щ{х, t) - Fh{x) D^ û{x, 0 + Z ^j^'~' ^h{x) ̂ ' u{^^ 0 ' 

where г — j = (/i — Ji, ..., /„ — jn) arid j < i means that j ^ S L with j \ < i^ for 
at least one a. It is easily seen that F^{x) D' w(x, t) -> D' ü(x, t) in L2(0 x (— oo, oo)) 
as h -> 0. We shall prove now that 

lim \D^-û{x, t) / ) ' -^F , (x) |^ , (^ , (_ ,^) ) = О 

for J < /: 

ß J -00 

4 = j j \D'' U{X, t) D'~J F,(x)p dx dr = 

\D^ W(X, t) D^-J F^{x)\^ dt dx = 

/»00 /• г^а(Х) 
\D^' й{Х, x„ 0 D^-^ F,{X, x,)p d̂  dX dx„. 

J — O O J A J —00 

D '̂ M(X, )̂ with j < i is absolutely continuous for almost every line X = const., 
/ = const., and vanishes for x„ = a{X), if suitably changed on set of measure zero. 

On the other hand, 

C, Q{X) й \a{X) - x„| ^ Сг Q{X) 

for X G V because a satisfies a Lipschitz condition. Thus for /?. < 1 by Lemma 3 

1н^с\^ f \D' U{X, X„ t) h-^'-J^\^ dt dX dx, й 
J — CO J XEii,Q(x)< h 

\DJU{X, X„, t) {Q{x)yj^-^'f dt dX dx„. ^ С 
- 00 J xeQ,Q(x)<h 
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But by Theorem 4 

J ~ 00 J xsQ 

s e i \DJu{X,x,,t)\^\a{X) - x,\^^J^-^^^UtdXdx,£ 
J — O O J A J — 00 

and 

/•00 /• / *a (X) ^ H l - | j | 
^~-j-DJu{X,x„,t) 

^X\J\~\J\ J — 00 J л J 

l-/-|^U-ooJß 

dt dt dX dx„ < 

< + 0 0 

i: |Z)^'M(Z, X„, tf |e(x)|^i^'i-^i'i d (dx ^ 0 
xeß,^(x)<h 

as /z -> 0. 

Thus Hm IIЙ — йЛ = 0 and h m ||w — W/J|R"°°'^^ = 0. 

6. Corollary. Under the hypotheses of Theoren^ 5 

where the constant С does not depend on h. 

Proof. This follows easily from the proof of Theorem 5 and of Theorem 2.5 
in [1]. 

7. Corollary. If Î; G ^Pf^'''^''^(ß X (—00,0)), then, under the hypotheses of 
Theorem 5, 

/ , , „ \ 0 __ / xO II | | ( -oo,0) < r l l w l K ~ ° ° ' ^ ^ 

and lim <u,„ t;> = <u, Ü>. 

Proof. If ^ G Q}(Q X ( - 00, 0)), then 

(3) <w„ Ф>"-^ = iF,u, cpy^L^ = <w, F,(p>^_^ 

and 
|r-oo,0) sup \(Uh, <?>>̂ oo| = sup |<M, Ff,(py^^^\ й 

J 1 < P I 1 H ( - « . O ) ^ I 

^ 1 м Г - - " ' sup ||F,^||<«-»'°>gC|u|i,-°°-°>. 
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This inequahty impHes the first one in the assertion. Taking cp -^ v one obtains 
iuh, vy^_^ = <w, 1̂ й>̂ оо' and by Theorem 5 hm <w, î >̂-oo = <^' ^>-oo-

й->0 
This completes the proof. 

8. Theorem. Let и E^W^^'^'\Q X ( - 0 0 , 0)) and u{x, t) = 0, whenever Q{X) < г or 
X Ф Q. Put 

I f \x ~ vP 
^ , u{x, f) = — exp - J -^ u{y, t) dy 

x/z"Jl^_3,,<^ \x - y\^ - h"-
where 

\2 

J lx|< 1 
exp ]—/—^ dx 

anJ h < 8. T/ie/i ^;,i/ -^ w Ш ^l^f'^'^((2 x ( - 0 0 , 0)). 

Proof. Let Ü E JM^ ^|ßx(-oo,o) = ^' Î  ^̂  well known that if |i| ^ /c then D^Mf^u -> 
-> D'w in L2{Q X El) as /i -^ 0. On the other hand, 'Sr^h w(x, rj) = ^h'St й{х, rj) and 
\rj\'\^,^, ü{x, n) = ^ii\''%t й{х, rj). Thus 

|^,M - «1^ = \m,\ri\'' ^, й(х, ^) - \r,\'' g , й(х, »?)P dx d^ . 
J Q J — 00 

The right-hand side of this equality tends to zero as /г -> 0 because \Щ 5f H^^ ^) ^ 
G L2(ß X Ej) . 

Thus ||,̂ ,,w - w|| -> 0 and \\т^и - W||̂ R"° '̂̂ ^ -> 0 because mfi^-^ if w e . / / . 
This completes the proof. 

9. Corollary. Under the hypotheses of Theorem 8, 

Proof. This assertion is an immediate consequence of 

Theorem 2.5 in [1] and the equahty K^.i,u = ^^,Ku wherein denotes the canonical 
prolongation. 

10. Corollary. Let и satisfy the hypotheses of Theorem 8, t; G ^W ĵ̂ ' 
and h < e/3. Then 

(5) <.^.w,f>°oo = <«,-3?„ü>-oo 
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and 

й-*0 

Proof. Let фе^{и), i/̂ (x) = 0 for Q{X) < e/3 and ф{х) = 1 for Q{X) > 28/3.. 
Then 

(6) <^,w, Ф>^_^ = {m,u, фсрУ_^ = <w, ^,i/A(p>'_^ = (u, ^,(p}',^ 

and 

|^,t. |(,--'«) = sup \(u, m,cpy'_^\ ^ |i.|<,-'«> sup W^Mi--'' й 

by Corollary 9, this implies (4). Taking cp ^ vin (6) one obtains (5), and by Theorem 8 

lim <^,w, vy^L^ = lim <M, ̂ ,i/^t;>°_^ = <w, i/^t;)?.^ = <w, i;)?.«, . 

This completes the proof. 

11. Theorem. Let и e ^pW^i'^'\Q x ( - oo, 0)). Then 

lim<Wft, i/ft>-oo = <w. w>-ao • 
/i-*0 

Proof. By Corollaries 6 and 7, 

й iHp--''^ + |t.,|̂ p--̂ >) ft., - uf,-''^ s C\\u 

where Ijw;, - wll̂ "̂"̂ '̂ ^ -> 0 as /г -> 0. 

(-^,0) II îvIK-^^.O) 
P W;, — W | | R 

12. Theorem. Under the hypotheses of Theorem 8, 

lim <^,ii, ^ниУ-аэ = <w, w>'„^ . 
/i->0 

Proof. This case may be treated in a similar manner as in Theorem И. 

13. Theorem. Under the hypotheses of Theorem 8, ^^^u G^Wi^'^'^i^ x ( —oo, 0)) 
for h < г/3 and 

(7) \<^,u, <p>°_| й C{h) |и|^--°> |||ф|||<«--°>, 

where | | | . | | | is the norm ||. || in the case к = 0, cp e ^{Q x (—oo, 0)). 
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Proof. 

If К(р is the canonical prolongation (cf. [1]) of (p, then by Theorem 2.5 in [1]^ 

(8) \\^и(рФ\\я'"''°^ è С\\!М,К(рф\\ й 

^ С( X Ило"^<Р</'|2а(Пх,-«,,о), + \^нКсрФ\')' • 
\i\elc 

Now 

(9) \а^нК(рф\' - ! Г И''-' \Ъ,а^нКсрф{х, nf Ах An = 

= { Г Щф{х)\п^ '5,Kip{x,n)f àxàn . 
J QJ -оо 

It is known that 

(10) \0l,D 
^ C{h) I 

By (10), (9) and (8), 

This completes the proof of (7). Hence âi^u e °W^°''''\Q x {-co, 0)). 

14. Theorem. Let v e°W^°'^">{Q x ( - o o , 0)) and suppose that 

(11) ( _ l ) < ^ + , = 0 on Qx{-co,0) 

in the sense of distributions. Then v = 0. 

Proof. Put 

^ , V{X, t)= -— exp , '"̂  "^2^' l"̂  '̂  T2 ;2 K^̂ ' ^) ^̂ ^ ^^ 
Xi/i J |x - j p + 1̂  " sp - h^ 

\x-y\2+\t-s\2<h^ 

where 
Г UP + kP 

xi = exp , ,' ' , ,i ' - d x d ^ / i > 0 . 

Let D* cz O, 6 > 0. Then there is a /ZQ = /?o(^*? ß) such that У,, i;(x, )̂ satisfy 
(LI) on ß* X ( - 0 0 , - e ) for all h < ho{Q^\ e). 

Denote by À^ the roots of À^^^^ + (-1)^ = 0 so arranged that Re 4 S Re Я^+^, 
21+1 

Then У'й t̂ (x, 0 = Z Ф ) ^^'' on ß* X ( - 00, ~г) . On the other hand, S^^v -^ v 
a = l 
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as /i -> О in L2(ß* X ( - 00, -в) ) . Thus v{x, t) = J] Q(^) e^''^ a.e. on iß x ( - oo, 0). 
a = 1 

For almost all fixed x e Q there is v{x, t) e L2(0, oo). Hence Ci{x) = ... = 
= Q+i(^) = 0 a.e. in Q because Re Я̂  < 0 for a < / + i. 

Now v{x, 0) G £2(0), ..., {д^-'v|дt^'') (x, 0) e £2(0) (see [4]), and v{x, 0) = ... = 
= {д^~Ч|дt^''^){x,0) = 0 for a.e. xeQ because velW^o,n(^Q x (_oo,0)) . Thus 

21 + 1 

X Q(x) Af = Ofor j5 = 0, ..., / ~ 1 and, consequently, C^^2(•^) = ••• = <^2^bi(-̂ ) = 
a = 1 
= 0 a.e. in Q. This completes the proof. 

15. Definition. Let <^(Q x (a, b)) be the space of all infinitely differentiable function 
on Q X (a, b) which have continuous partial derivatives of all orders in D x <Ö, Ь>. 

(12) 

16. Theorem. Let v e ^Wf ' ' ' ' ( ß x ( - 0 0 , 0)) satisfy 

DQ{U, V) = 
J Q J — oo dt'-"' dt^ 

dxdt + uv dx dt = 0 

for all w e J^i^ '^ '^ß X ( - 0 0 , 0)) n ^{Q x ( - 0 0 , 0)). Th en V = 0. 

Proof. Put и e ̂ {Q X (— 00, 0)) in (12) and obtain that v satisfies 

(13) ( _ l ) - i 
dt 21+1 

+ 1; - 0 

on Q X (—00, 0) in the sense of distributions. As in the proof of Theorem 14, 
21 + 1 

v{x, t) = YJ Q(-^) ^̂ *̂  a.e., where 1^ (a = J + 1, ..., 2/ + 1) are the roots of 
:2z + i + ( — 1)̂ "̂ ^ = 0 with positive real parts. On differentiating (13) one obtains 

that [dh)\{dt^) e L2(ß x ( - 00, 0)) for all integers ß and, consequently. 

2l+i 

a=l+l 
S СДх) ХУ^' = ^ (x, /) e L,{Q X ( - сю, 0)) . 

Thus C^{x) ê ** G L2{Q X (—00, 0)) and consequently CXx) G L 2 ( ^ ) . 

Let now и eS{Q x ( -00 , 0)) n p^^^'^'^ß x (~oo, 0)). Integrating by parts one 

obtains 

О L dxdr + 
_ аг'+i ^'' дt^ 

2 Я + 1 

îït; dx dt = 

dt 
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21 + 1 

z 
a=f + l 

Z QW^â = o 

whence 

(14) 

a.e. in Q. 

Now V e ^VFf'^'>(ß X ( - 0 0 , 0)) and thus 

(15) 'X'c.(x)lf = 0 

a.e. in Qfor ß = 0, 1, ..., / ~ 1. 

From (14) and (15) we obtain C^{x) = 0 a.e. in О and t; = 0 a.e. on ß x ( - oo, 0). 

17. Theorem, ef(O x ( - oo, 0)) n ^Pfj^'^'^ß x ( - oo, 0)) is dense in 

J^f '^ 'XO X ( -00 ,0) ) . 

Proof. Let H be the closure of the set 

Ж = ^{Q X ( - o o , 0 ) ) n ? l f f ' ^ ' X ^ X (-cx) ,0)) . 

If иеЖ^сре 9{Q x ( - oo, 0)) then 

(16) 

If Ф -> w in ^ ^ f ' ^ ' X ^ X ( - 0 0 , 0)), then d'cpldt' -> d'ujdt' in L2(ß x ( - o o , 0)). 
Taking Ф -> w in (16) one obtains that 

д'^ЧдЫ 
i + i л^г ar^+1 dt 

àx dt = 

— - — - — d x d f + —-—- dx = - <M, «>_<„ + 
ö'u 

dx . 

Thus 

(17) 2 Re <м, M)?.«) = dx > 0 . 

On the other hand, 

(18) |<M, u>°_ - <t;, vy<L^\ й |<«, M - r>«_| + 

+1«^, « - vyw S (IIIHir"'°^ + IIHir^'°*) lil« - '̂111« ( -03 ,0 ) 
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In view of (18), the inequality (17) extends to an arbitrary и e Я. Put Do^ — 
= {-iy{d^^-^'uldt^^'-^) + u. Then, by Theorem 4.2 in [1], 

| | | t ( | | | r ° ° ' ' ^^C |Dot /U ,co . - . , 

and consequently D^H is a complete subspace of the space adjoint to RW^^'^'\Q X 
X ( — 00, 0)). This latter space is reflexive. Let/(г?) = 0 for a l l / e /)о(Я), i.e. DQ[U, V) = 
= 0 for all и e H, By Theorem 16, v = 0. Thus DQ{H) coincides with the space 
adjoint to ^ ^ f ' ^ ' \ ß X ( - GO, 0)). 

Let now и E pW^^'^'\Q x ( - oo, 0)). There exists aug e H such that DQUQ = Do^-^ 
i.e. Do{u ~ Wo) = 0. Then и - UQ G^Pff'^'^ {Q x ( - c o , 0)) and, by Theorem 14, 
и - UQ = 0, i.e. и e H. This completes the proof. 

18. Corollary. Re <w, w>^^ ^ 0 for every w e^Pf f ' ^ ' \0 x ( - o o , 0)). 

19. Theorem. 9^<o),i ^ ^̂  

Proof. Let и G^FFf'^'X^ X ( - ^ ' 0)) n J ^ f ' ^ ' ^ ß x ( - o o , 0)). Then, by 
Corollary 18, 

limRe<w, (p>^^ ^ 0 , 

where (p ~> и in ^W[^'^'\Q x ( - c o , 0)). If now Ф -> I/ in ^Pfj^'^ X^ X (—00? 0)), 
then Ф -^ w in ^Ж2^^'''>(^ x ( - oo, 0)) and therefore 

(19) Re <ti, i . / _ ^ 0 . 

By Theorems 11, 12 and 13, the inequality (19) extends to all functions и e 
e?PFf'^'>(0 X ( -00 ,0 ) ) . 
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Р е з ю м е 

ОБ ОБЛАСТЯХ ТИПА Щ 

ЯП КАДЛЕЦ (Jan Kadlec), Прага 

В работе определяется пространство ^W^^'^'^^Q х (--оо,0)) функций, инте­
грируемых с квадратом вместе со всеми производными порядка к по простран­
ственным переменным и производной порядка / + i по времени в цилиндре 
Q X (— 00, 0), таких, что 

ди д^- ди = .. . — =г О на ß ' X (—00, 0) и и — — - = . . . = = О 
ÔV ôv^-' ^ dt dt'-' 

на jQ X {о}. Далее, определяется пространство pW2''''^'^\Q х (—оо,0)) всех 
функций из пространства ^W^2'^^^^ (^ х ( - о о , 0)), для которых 

sup 
(реВ 

и -dudt < +00 

< гдеБ — множество всех ср е Q){Q х (— оо,0)), для которых ILlIô îç̂  ^ г+i) 
g 1. Теперь скажем, что ß G ̂ , если для всех w 6 ^pf^'^'^'^i)/^ х ( -оо ,0 ) ) , 
и для всех ф „ Е ^ ( 0 X (~-оо,0)) таких, что ç)„-> и в пространстве ^̂ f̂f'̂  + ̂ ^ 
{Q X (— 00, 0)) имеет место. 

( - l ) ^ ^ 4 i m R e Л ^ii + \ 4>п 
dt 21 + 1 

dQ dt > О , 

В работе доказано, что область с границей Липшица (Q g 9|(o),i) обязательно 
находится в классе ^ . 
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