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PRIME IDEALS OF THE CARTESIAN PRODUCT
OF TWO SEMIGROUPS

Mario PETRICH, Seattle, Wash. (USA)
(Received June 5, 1961)

The purpose of this paper is to give necessary and sufficient conditions
for a subset of § X T to be a prime ideal.

A semigroup is a non-empty set on which an associative multiplication is defined.
If S and T are semigroups, then by S x T we mean the semigroup consisting of the
Cartesian product S x T of the sets S and T with coordinatewise multiplication. The
semigroup S x T'is called the Cartesian product of the semigroups S and T. A non-
empty subset I of a semigroup S is called an (two-sided) ideal of S if xy, yx eI for
all x eI, y € S; if in addition its complement in S is a semigroup (and hence I = S),
then I is called a prime ideal of S. We also call the empty set a prime ideal (cf. Defini-
tions 2, 2a, [1]). If 4 and B are sets, then A — B will denote the set of all elements
of A4 which are not contained in B. A simple inductive argument generalizes the
following theorem to the case of any finite number of semigroups.

" Theorem. Let S and T be semigroups. Then a set Lis a prime ideal of S x T if
and only if L= (I x T)u (S x J) where I and J are prime ideals of S and T,
respectively.

Proof. We first prove sufficiency. Let I and J be prime ideals of S and T, respectiv-

ely, and let
L=(IxT)u(S xJ).

 If both I and J are empty, then Lis also empty and is thus a prime ideal of S x T.
Suppose that at least one of the prime ideals I, J is not empty, so that Lis also not
empty. Let (x, u) and (y, v) be any elements of Land S x T, respectively. Then by
definition of L, either x eI or u € J. Suppose that x eI. (The case u € J is treated
similarly.) Then xy, yx €I and thus

(x, u) (y,v) = (xy,uv)el x T and (y,v)(x,u) = (yx,vou)el x T.

Consequently, &

(5, ) (70, (2 9) (=, ) € L,
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and hence Lis a two-sided ideal of S x T. The sets S — I and T — J are not empty
and are semigroups. Hence (S — I) x (T — J) is a semigroup. But

(S-D)x(T—J)=SxT—-L
and hence the complement of Lis a semigroup. Thus Lis a prime ideal of S x T.

We now prove necessity. Let L be a prime ideal of S x T. If Lis empty, take
I and J to be empty. Suppose then that Lis not empty. Let (x, u) be any element of
L. We assert that either {x} x Tor S x {u}is contained in L. For if we suppose the
contrary, then there exists an element veT such that (x,v)¢ L and an element
y € S such that (y, u) ¢ L. We have

(1) (x, v) (v, u) (x, v) (¥, u) = (xyxy, vuvu) = (xy, v) (x, u) (y, vu) .

The expression on the left of (1) isin S x T — Lsince S x T — L is a semigroup;
but the expression on the right is in L since (x, u) € L and L is a two-sided ideal.
These two statements are plainly incompatible. This proves the assertion.

Let ] = {xeS|{x} x Tc L} and J = {ueT|S x {u} < L}. Then
L=(I xTyu(S xJ).
For if (x, u) € L, then either {x} x T or S x {u} is contained in L, which implies
that either x €I or u € J and thus in either case
(x,u)e(I x TYU (S x J).
The reverse inclusion is obvious.

We now show that I is a prime ideal of S. (One proves similarly that J is a prime
ideal of T.) If I is empty, it is a prime ideal by definition. Suppose that I is not empty.
The set S — I is not empty for otherwise S = I and hence L= S x T, which is im-
possible since Lis a prime ideal of S x T. Similarly T — J is not empty. Let x and y
be any elements of S — I, and let u be an element of T — J. Then

(x,u), (y,u)e(S =1) x (T—J).
Since L is a prime ideal of S x T, its complement (S —I) x (T — J) is a semi-
group and thus
(x,u) (y,u) = (xy,u*)e(S = 1) x (T—J).
Hence xy € S — I and thus S — I is a semigroup.
Let x, y, and u be any elements of I, S, and T — J, respectively. Then (x, u)e L
since x € I. It follows that
(x,u)(y,u) = (xy,u*)eL and (y,u)(x,u) = (yx,u’)eL,
since Lis a two-sided ideal. Since T — J is a semigroup, we have u> €T — J. But
then
(xy, u?), (yx, u*) e L
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implies that
(xy.u?), (yxu*)el x T and thus xp,yxel.
Hence I is a two-sided ideal, and therefore I is a prime ideal of S x T.

The writer wishes to express his gratitude to Professor HERBERT S. ZUCKERMAN
for his guidance in this research.
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Pesome

IIPOCTBIE MIOEAJIBI IIPAMOI'O ITPOMU3BENEHUA OBVX
ITOJIVI'PVIIIL

MAPHUO [TIETPWY, Seattle, Wash. (USA)

IIpocteM uneasoM I mosyrpynnbl S Ha3bIBA€TCS WIKM IIyCTOE IIOJMHOXECTBO,
Wiy apyctoponHuid unean I = S, my1s xotoporo S — I sIBJISETCS MOJYTPYHIION.

B crartbe moxa3bIBaecTs caeaymwuiass Teopemar

ITycmo S, T — noayepynnvl. Muoxcecmso L< S x T asasemca npocmvim udeaiom
moeoa u moavko moz2oa, ecau L= (I x T)u (S x J), ede I — npocmoii udeas no-
ayepynnet S, u J — npocmoil uoean noayepynnor T.
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