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A DECISION FUNCTION

VACLAV FABIAN, Praha.
(Received February 10, 1955.)

A family of sequential decision functions, which choose the more
probable of two events, is given.

1. Summary
Let
X=X,X, X, ...

be a sequence of independent and identically distributed random variables
with

PX;=1)=p, (L1)
P(X,=0)=1—1p,
where p is a unknown element of
M=<0, U 1. (1.2)
A decision procedure with two possible decisions
hip<i, (1.3)
dy:p >4,
satisfying following two conditions:
probability of an incorrect decision < « for all p e M, (1.4)
with probability one (for each p ¢ M) the procedure will choose (1.5)
a decision after finite number of observations taken,
can be defined as follows:
Let y be a real number, y > 1 and
A>L13L v, (1.6)
& i1 Y

(where 21® — z).

Denote by Jz[ the smallest integer greater or equal to z.
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Define the sequence {n}:
ne =10, n,=laf, (1.7)

ng = ]a + y L) + L[(@.""_“l)][, (> 2) (1.8)
and the function g by the relation
gz) =1 if n,<z<myy,, (1.9)

which is possible, because n; << n,,, for all ¢.
Define

S, =SX,, v=1,2,... 1.10
25 (1.10)

and let {»;} be an increasing sequence of natural numbers.

Denote by E and F the following events:
E: There exists an index 3, such that S, < g(»;) and S, < vy —gvy)

forj=1,2,...,7 — 1. (1.11)
F: There exists an index ¢, such that S, >», —g(»,) and S, = g(»;)
forj=1,2,...,4 — 1. (1.12)

The decision function, which accepts d, if E and d, if F occurs, will be deno-
ted by D(«, y, {»:;}). We will prove that D(x, y, {»;}) satisfies (1.4) and (1.5) in
sections 2 and 3 respectively.

We point out the possibility of the choice of a sequence {»;}, i. e., the pos-
sibility of grouping observations. Always it is superfluous to use the sequence
v, = 1, for the sequence v, = n; leads to the same decisions.

In section 4 two tables of the numbers n; which are less than 502 are given
for y = 1,5, « = 0,01 and 0,1.

In section 5 the upper bound for the median of the number of observations
required by the procedure is given.

In section 6 examples of application are given.

Obviously the decision function D(«, y, {»;}) is not admissible. It would be
possible to reach an improvement (i) using a better approximation than (2.17),
(ii) defining P = P(F) in (2.3), (iii) using an other summable sequence in the

requirement 1 — P,, < 1 (m=1,2,..).
mY

2. Construction of D(x, y, {v:})
{8,} is a sufficient and transitive sequence. Hence, X,, X,, ..., X,, observed,
we can base our decision only on S, according to [1]. Then among all non-

randomized decision functions the only admissible way is to

32



accept d, if S, < h(n),
accept d, if S, > k(n)
continue sampling if A(n) < S, < k(n), where k(n) and k(n) are constant for
fixed n.
For
0<8, -8, =<1 (2.1)
we can assume that also
0<h(n) —h(n—1)<1. (2.2)
Defining A(n) = n — k(n) = g(n) we can prove (1.4) and (1.5). On the
other hand we are not able to prove this choice of the functions 2 and & to be
optimal.
We will prove (1.4) for our g. Apparently it suffices to prove that, supposing
for a moment p = %,
P=P(,>gmn), n=1,2..)>1—x. (2.3)

Let us call by random walk (m) any finite sequence (a,, @,, ..., @,,) with
0<a,,—a;<1@=1...,m—1),0=<aq <1and by an admissible ran-
dom walk (m) any random walk (m), which satisfies

a;, > g@t) 1=1,2,...,m.
Further we denote by V,, (R,) the number of all different (admissible) random

walks (m).
If
P, =P(S;>g(), j=12 ..m),. (2.4)
then R,
Py =" (2.5)
and
P =lim P,, . (2.6)
It is
R, = 2R, _, if mnon e{n;} (2.7)
and
R,=2R, ,— A, if me{n}, " (2.8)
where A4,,(j) is the number of admissible random walks (m) (ay, ..., @,) with
am = j and 4, = 4,(g(m)).
For
V= 2m (2.9)
it is
P, =P,_, if mnone{n;} (2.10)
and
Apy .
P,=P,_, S if me{n}. (2.11)

33



Hence

P=1-— i A;‘;f . (2.12)

i=

The values P,, or 4,, can be computed by a direct (and theoretically simple)

- way, e. g. by use of a modified Pascal triangle. However for large m the com-

putations are extremaly labourious. Thus we must use approximations.
Obviously j > g(m) implies

An(f) = Ap1(G — 1) + Ana() (2.13)
An(j) = (’f) , (2.14)
A, (gm) — 1) = 0. (2.15)
Hence
’ A"c“l = ‘4“1"1 (216)
and from (2.14) we get
< | M1
A, , < (@ - 1). (2.17)
Now, from (1.8) it follows
n asl Ny .
o™ > 2ajy (Z _11), (2.18)
from (2.17)
2" > 20474, _, (2.19)

and with respect to (1.6)

|
2.5

< An_1 i-1?
5 A <57 <, 220
and thus from (2.12)
P>1—u. (2.21)

From (2.3) it follows, that P(E) <1 — P < « for p>13% for p<i
PF)<1l—P< a
Thus we have proved the following theorem:

Theorem 1. For every decision function D(«, v, {v:}) the probability of a wrong
decision is less than «.

3. Proof of (1.5)

Throughout this section let 0 < & < 1 and 1 < ) be given real numbers.
3.1 Lemma. There exists a real number 6 > 1 such that, putting 6; = 19,

i1
8>a, 6i2a+yL(i)+L[(i:1)] for i>1. (3.2)
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0y
Proof.a 4+ y L(3) + L[(@, _ l)] =a + y L) +
i-1
+ 3 0 — i 4 14 ) — L) < a + yLGi) +
i-1

1 .
‘;‘@f[log(éi—-l—’l«‘*‘ 1 —-}—x)—logx]dx+L(5l_1_@+2)=

1

=a+ yL@E) + 6,y L(diy) — (4 — 1)Lt — 1) — (8, — 1 + 2).
L0y — i+ 2) + L(iey — i + 2) = a + yL() + 8-, L(d;—,) —

— Oy — 0+ D) L6,y) + (0:y — 4 + 1) L(diy) —

— (0 — i+ DLE,, —i+2) — (G —1)Le—1) <

< a+yL{E) + (6 — 1) Ld,,) +
+ G =+ D) T TogT —
— (i = D)LG — 1) <ifa 4 y + 1 + L(3)]
and it suffices to choose ¢ in such a way that
6214 a—+y+ L)

and (3.2) holds. Thus the lemma is proved.

Unfortunately we have not succeeded to prove the asymptotic behaviour
of n; by the simple manner of the preceding proof. Thus in proving (1.5) we

must continue in a way somewhat complicated.
3.3 Lemma. If

G(k):kL(l—f—k—ii)-}—L(k—l),

then, for k < 2, g%“_) is decreasing and
Gk < k .
Proof.
G(k)\ Lk —1
G(2) =2 and (l(c—k)): — %<0.

3.6 Lemma. Let B be a real number and

F,-(a,k)=aL(1+k——_1:—1)+L(k_1) +f§_

Then
2<a <k <ko= Fia, k) <Fia,k,).

Further, there exists a sequence {ft:};-1 Such that p; > piyy, p; — 2 and
k> pi= Ful, k) <k.

(3.4)

(3.6)

(3.7)

(3.8)
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Finally, there exists a function 3(i, k) > 0 such that

E>unk —u@,k)<a<k= Fi,k)<a (3.9)
and
i <oy Shy= ky — @41, k) = ky — (i, k) - (3.10)

Proof. The existence of the sequence {u,;} with the required properties
follows at once from the preceding lemma, for

Pk, k) = G(k) + % :

(3.7) follows from

0 a

2 F. - - 1=

o iles F) (k—l)log.‘Z[ k]>0
for k > a > 2.

The existence of 7(z, k) satisfying (3.9) follows from (3.8) for F;(a, k) is con-
tinuous in a. For every ¢, k we define (¢, k) as the supremum of the set of
numbers satisfying (3.9).

The right side of (3.10) is equivalent to
a>ky—n0, k)= a>k —n@+ 1, k)
and this is equivalent to
Fya, ky) <a= F,(a, k) <a.
But the last inequality follows from
Fi(a, ky) > Fiq(a, ky)
which follows from (3.7).

3.11 Lemma. There exists a sequence {f;} such that fs = a + 1,

= a+ 14+ yLE) + L[(Z 1—11)] , (1>1) (3.12)
and

&»—)2.
)

Proof. Let 6 be the humber of lemma 3.1 and {#:} the sequence of the

O+

edi i . B = T 7
preceding lemma, if we put log2 °

We define two sequences {#;} and {y,} as follows:

yo=a+ 14 pL) 4+ L[(fjll)] : (3.14)

=1 for i =12 .. i—1> (3.15)

.oy
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Bi = Pi—y + Max (Vi = it M iﬂ'i_l" -\ ( ﬂ1 )) for ¢ > 4;, (3.16)

where 7, is the first index for which ux, < 6.
We shall now prove, that

Bi— Bica = Bica — Pizs - (3.17)

This is obvious for ¢ = 3,4, ...,7, — 1.
For 7 > ¢, (3.17) holds if and only if the following three conditions hold:
Vi— Bict < Bicy — Bia s (3.17.1)
te = Bica — Pica, (3.17.2)
iﬂiﬂl = (i’ ﬁ:l ) S iy — Bica- (3.17.3)

For ¢ = zl this reduces to the three inequalities y; — f, _; < 6, ,u, < 0,
& — n(¢y, 6) < 8, which obviously are b&tlsfled

Let now (3.17) holds for j =1, 2, ...,
Then

B 1 1 1)]+M+ - v -

i

— ,,21 [L(B; — @+ ») — L(»] — 121 [L(Bioy — i + 1+ ) — L] +
; + y[LG + 1) — L(#)] <
= _zl (s — 4 +9) — L(ficy — 4 4+ )] + L(ficy — i + 1) —
— L) + y[L( + 1) — LE)] <

< (Bi — Bi-1) gl L'(Bicy — i +v) + L(lgz’—1 — 1+ 1) — L) + ilo?:g 2°

Using the inequality

2 LBy —i+r)< fL,(ﬁi—l —i4tdt + LB, —i+ )<
y=1
1
- . 1
<L(Biey) — L(Bicy —1 + 1) + (Bl__lmﬁ
we get,
Biaa Biy —1+ 1 Bi—Bimx + v

?’i+1“‘71_(ﬂ—l3 I)L(ﬂll*@+l)+L( 1,7—1 )+ ’L10g2
and because (according to the inductive assumption) f; — i1 < fz — py < 6
and for B, > y,,

Yier — fi < F; (ﬂ — Bi-1, .’3"1 ) . (3.18)
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From the inductive assumption and from (3.16)

i—1 . fiy : Bi-
T ‘W(@,i—l—l)élgi_‘ ﬁi—1~<—i_ 1
Thus from (3.9) it follows

Yisr — Bi <Bi—Bia- (3.19)

Further
Bi — Bica = pi > pin (3.20)
and from (3.16)
Bi—1 . i
ﬂi_ﬂi—lzm_n L 1)
But

=

i

Bis <

1 —1" 1

ootz ofn

Bi — Biea = % — n(i +1, ﬁ") : (3.21)

> u

7

and from (3.10)

and thus
T
From (3.19), (3.20), (3.21) it follows that
ﬁi+1 - ﬂl S ﬁi - ﬂi—l

and thus (3.17) holds for every .
Bi

Apparently = is a non-increasing sequence and thus there exists a limit

of%, say x.

Suppose that » > 2. Then there exists an index ¢, such that

Mz, <.
Thus
Fo(n, %) < x.

From continuity it follows that there exist two positive numbers ¢, 5 << » —
— u;, such that
Fi (x4 e, n+46e) <x—19. (3.22)

Obviously there exists an index 4, such that i3 > 1,,

ﬂia—ﬂis—l—gﬁﬁzl“—{%—i‘s-
13 — 1
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Then according to (3.18) and (3.7)

Vigr1 — Biy S Fi(e + 6,0+ 6) <% —1. (3.23)
Obviously
T (3.24)
and ’5—;—’—3 —'n (i3, ﬂ.”) <x—n (3.25)
3
the latter inequality being a consequence of (3.22) for
x—n<a </3’3 implies (for%ﬁ <%+ s)
23 3

Fz( ﬂ”)<F et e xte)<x—n<a.

From (3.23), (3.24) and (3.25) it follows -
Bist1 — Bis <% — 1

Bi

<% —n<lim = which is impossible.

and

/31

lim =
Thus (for 8; — ﬁ,-hl > u > 2)

l_im% =2 (3.26)
and the lemma is proved.
Theorem II. Let n; be defined by (1.7) and (1.8), let x < }. Then
hm ZL—' =

T—>0 7

Proof. From « < } and from theorem I it follows 1nf t>2. If n; are

defined by (1.7) and (1.8), then n; < §; for all ¢ =1, 2, ..., where f; are
defined by (3.14), (3.15) and (3.16). For 8, > n; and if 8; > n; for j =1,
2,...,%— 1,then

n<a+ 1+ yLE) + L[(."i“l)] <

<a+1+yL(z)+L[( Pi- ‘)]—y,_\ﬂ;-
ﬂ

From =* — 2 it follows n7 - 2.

Theorem III. With probability one every test D(x, y, {v;}) will decide after
finite number of observations taken.
More precisely, if p e M, then

P(g(n) < 8, < n — g(n) only for finitely many n) = 1
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Proof. The theorem is a direct consequence of the preceding theorem and
of the strong law of large numbers.

4. Tables

Two tables are computed, the first contaning the values of n; for y = 1,5;
o = 0,01, the second fory = 1,5; « = 0,1. The values of g(n;) = 7 and n; — g(n;)
are added. (Tables 1. and 2. at the end of the paper.)

5. The number of observation required

For a given decision function D(«, y, {»;}) and a given sequence {»,} the
first member of {»;} for which we have not

g(v,,) S Sn < Vn — g("n)
is a random variable giving the number of observations required. We shall
denote it by N.

Denote by M, the median of N under assumption, that the X,’s are di-
stributed according to p ¢ M. We are able to state only the following theorem:

Theorem IV. Let m e {v,} and let the inequality g(m) < pm < m — g(m)
not hold. Then

M, <m.
Proof. For p < } it is well known that P(S,, < mp) > }. Hence, if mp <

< g(m), then also P(8,, < g(m)) = %. For p > } an analogous argument
proves the theorem.

In the following table the upper bounds for the two tests D, = D(0,01; 1,5;
{n;}) and D, = (0,1; 1,5; {n,} are given.

Table 3

(The upper bounds for median of the number of observations required
by D, for various p.)

p D, D,

|
0,1 or 0,9 ! 9 5
0,2 or 0,8 28 9
0,3 or 0,7 83 52
0,4 or 0,6 442 312
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6. Applieations

Remark 1. The decision function D(«, p, {»;}) can be used for a modified
problem in which the set N of probability distributions of X has the following
property:

If FeMN then X,, X,, ... are according to F' mutually independent and X,
takes the values 1 resp. 0 with probability p; resp. 1 — p,. Further there exists
a constant ¢, > 0 such that

P, <}—cp foralle=1,2, ...,

or
pi =%+ ¢, forall i =1,2, ...

Remark 2. If we know that p none (¢, ¢,), where (¢,, ¢,) is an interval con-
taining %, then the usual Wald’s sequential test [3] will be obviously better
then the present one. This is also the case, if we modify the condition (1.4) in
this way: probability of an incorrect decision < « for all p e (0, ¢;> U {c,, 1>.

Example 1. Let X; = 1 if the ¢-th random number in the first column in
[2], p- 21,1is 1 or 2. Let X; = 0 otherwise. Then we have S; = 0 and the de-
cision function D, gives the decision p << } for g(5) = 1 according to Table 2.

Example 2. Suppose we will decide by a biological assay, if the toxicity
of a drug (say P) is greater or equal to the toxicity of a standard (S), or if it
is less (with regard to a given population and to given methods of application
of the drugs).

To answer the question let us perform a sequence of experiments, each
experiment consisting of drawing two subjects from the given population,
applying P to the first and S to the second subject. We shall base our conclus-
ions only on those experiments in which one of the two subjects dies and the
other survives. We define z; = 1 if in the ¢ — the such experiment the first
subject survies, X; = 0 otherwise.

Thus, for example, if the sequence of observed values of the X,’s is 0, 0, 1,
0,0,0,0,0,1,0,0,0, 0, we can decide with the risk x << 0,1 that P(X; = 0) > }
i. e., that the toxicity of P is greater than that of S.
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Table 1

(y = 1.5. Probability of an incorrect decision < 0.01. Accept the hypothesis p < § if for some ¢

Sn; < 1, accept the hypothesis p > } if for some ¢ Sp; > n; — ¢.)

n; D n; —1 n; % i—t | z —1 n; v i—1
9 1 8 154 53 101 278 105 173 397 157 240
13 2 11 156 54 102 280 106 174 399 158 241
17 3 14 159 55 104 282 107 175 402 159 243
21 4 17 161 56 105 285 108 177 404 160 244
25 5 20 164 57 107 287 109 178 406 161 245
28 6 22 166 58 108 289 110 179 408 162 246
31 7 24 169 59 110 292 111 181 411 163 248
35 8 27 171 60 111 294 112 182 413 164 249
38 9 29 174 61 113 296 113 183 415 165 250
41 10 31 176 62 114 299 114 185 417 166 251
44 11 33 178 63 115 301 115 186 420 167 253
47 12 35 181 64 117 303 116 187 422 168 254
50 13 37 183 65 118 306 117 189 424 169 255
53 14 39 186 66 120 308 118 190 427 170 257
56 15 41 188 67 121 310 119 191 429 171 258
59 16 43 190 68 122 312 120 192 431 172 259
62 17 45 193 69 124 315 121 194 133 173 260
64 18 46 195 70 125 317 122 195 436 174 262
67 19 48 198 71 127 319 123 - 196 438 175 263
70 20 50 200 72 128 322 124 198 440 176 264
72 21 51 202 73 129 324 125 199 442 177 265
75 22 53 205 74 131 326 126 200 445 178 267
78 23 55 207 5 132 329 127 202 447 179 268
81 24 57 210 76 134 331 128 203 449 180 269
83 25 58 212 77 135 333 129 204 451 181 270
86 26 60 214 78 136 335 130 205 454 182 272
88 27 61 217 79 138 338 131 207 456 183 273
91 28 63 219 80 139 340 133 205 458 184 274
94 29 65 221 81 140 342 133 209 460 185 275
96 30 66 224 82 142 245 134 211 463 186 271
99 31 68 226 83 143 347 135 212 465 187 278
101 32 €9 229 84 145 349 136 213 467 188 279
104 33 71 231 85 146 352 137 215 469 189 280
107 = 34 73 233 86 147 354 138 216 472 190 282
109 35 74 236 87 149 356 139 217 || 474 191 283
112 36 76 238 88 150 358 140 218 476 - 192 284
114 37 71 240 89 151 361 141 220 478 193 285
117 38 79 243 90 153 363 142 221 481 194 287
119 39 80 245 91 154 365 143 222 483 195 288
122 40 82 247 92 155 368 144 224 485 196 289
124 41 83 250 93 157 370 145 225 487 197 290
127 42 85 252 94 158 372 146 226 490 198 292
129 43 86 254 95 159 374 147 227 492 199 293
132 44 88 257 96 161 377 148 229 494 200 294
134 45 89 259 97 162 379 149 230 496 201 295
137 46 91 261 98 163 381 150 231 499 202 297
139 47 92 264 99 165 383 151 232 501 203 298
142 48 94 266 - 100 166 386 152 234 503 204 299
144 49 95 268 101 167 388 153 235 505 205 300
147 50 97 271 102 169 390 154 236 507 206 301
149 51 98 273 103 170 393 155 238 |
152 52 100 275 104 171 395 156 239
|
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Table 2
(¥ = 1.5. Probability of an incorrect decision < 0.1. The decision procedure as for Table 1.)

n; % —1 n; @ n; ——1 n; % n; —1 n; i g — 1
5 1 4 148 54 94 271 107 164 391 160 231
9 2 7 150 55 95 273 108 165 393 161 232
13 3 10 152 56 96 276 109 167 396 162 234
17 4 13 155 57 98 278 110 168 398 163 235
20 5 15 157 58 99 280 111 169 400 164 236
23 6 17 159 59 100 283 112 171 402 165 237
26 7 19 162 60 102 285 113 172 404 166 238
29 8 21 164 61 103 287 114 173 407 167 240
32 9 23 167 62 105 289 115 174 409 168 241
35 10 25 169 63 106 292 116 176 411 169 242
38 11 27 171 64 107 294 117 177 413 170 243
41 12 29 174 65 109 296 118 178 416 171 244
44 13 31 176 66 110 299 119 179 418 172 246
47 14 33 178 67 111 301 120 181 420 173 247
50 15 35 181 68 113 303 121 182 422 174 248
52 16 36 183 69 114 305 122 183 424 175 249
55 17 38 185 70 115 308 123 185 427 176 251
58 18 40 188 71 117 310 124 186 429 171 252
60 19 41 190 72 118 312 125 187 431 178 253
63 20 43 193 73 120 315 126 189 433 179 254
66 21 45 195 74 121 317 127 190 436 180 256
68 22 46 197 75 122 319 128 191 438 181 257
71 23 48 200 76 124 321 129 192 440 182 258
73 24 49 202 77 125 324 130 194 442 183 259
76 25 51 204 78 127 326 131 195 445 184 261
79 26 53 206 79 128 328 132 196 447 185 262
81 27 54 209 80 129 330 133 197 449 186 263
84 28 56 211 81 130 333 134 199 451 187 264
86 29 57 214 82 132 335 135 200 453 188 265
89 30 59 216 83 133 337 136 201 456 189 267
91 31 60 218 84 134 339 137 202 458 190 268
94 32 62 221 85 136 342 138 204 460 191 269
96 33 63 223 86 137 344 139 205 462 192 270
99 34 65 225 87 138 346 140 206 465 193 272
101 35 66 227 88 139 348 141 207 467 194 273
104 36 68 230 89 141 351 142 209 469 195 274
106 37 69 232 90 142 353 143 210 471 296 275
109 38 71 234 91 143 355 144 211 473 197 276
111 39 72 237 92 145 357 145 212 476 198 278
114 40 74 239 93 146 360 146 214 478 199 279
116 41 75 241 94 147 362 147 215 480 200 280
119 42 717 244 95 149 364 148 216 482 101 281
121 43 78 246 96 150 366 149 217 485 202 283
123 44 79 248 97 151 369 150 219 487 203 284
126 45 81 251 98 153 371 151 220 489 204 285
128 46 82 253 99 154 373 152 221 491 205 286
131 47 84 255 100 155 375 153 222 493 206 287
133 48 85 257 101 156 378 154 224 496 207 289
136 49 87 260 102 158 380 155 225 498 208 290
138 50 88 262 103 159 382 156 226 500 209 291
140 51 89 264 104 160 384 157 227 502 210 292
143 52 91 267 105 162 387 158 229
145 53 92 269 106 163 389 159 230

I am indebted to EvA SETINOVA and CARMEN MARKOVA for carrying out the computations.
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Pesome

OB OHON PEIIAINEA ®VHKIUU

BAIIJIAB ®ABUAH (VACLAV FABIAN), Ilpara.
(ITocrymuiro B pegaxuuio 10/IT 1955 1.)

[Tycrs
X, X, X,

— TOCJIeI0BATEJBbHOCTHh HE3aBUCHUMBIX M TOKIAECTBEHHO PacIpeeJIeHHBIX CJIy-

vyaifHBIX IIePeMeHHBIX,
P(Xz == ]) =P,

P(X;=0)=1—1p,
rje p — HGI’[3BGCTHHIX 3JIEMEeHT MHOKeCcTBa
M= <0, HU @, 1>

Hocrpoum pemaroniylo QYHKIHMIO ¢ JByMs BO3MOJKHBHIMH pemeHUsAMU

d1: p<%1
d, P> 3

Ilycrs o« — meroropoe umesno mHTepBana (0, 1), a y — IPOM3BOIBLHOE YHCIIO,
6onpmee epmanusl. [Iyers Gymer

1 31
=25 a=L4),

%=

.I\/

e 2% = X.

OGosnaunm vepes J2[ HamMeHbINee IeJI0e 4UCIO0, KOTOPOe Wiy GOJibIIe WIIH
PaBHO YHCIY 2.

Onpepenum 110CIEI0BATENBHOCT {7}

”0:‘01 n1=]a[,

e oo af ()]

7 QYHKIMIO § COOTHOIIGHHEM
g) =1 ma n; <z <y,
- 4TO BHOJIHE BO3MOKHO, TAK KaK 7; << N;,, AJA BCeX 1.
Iasee, onpenennm
’
S”:ZXI’ 1’:1,2,...
i1

u {v;} nycrs Gyger Bo3pacTaiomed IOCeX0BATEIbHOCTHIO, KaKABlA WIEH KO-
TOPOL SIBIIsIeTCA HATYPAIbHBIM YHCJIIOM.
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Yepes E u F 0o603HaunM ciepyiomue cjydaiiHble ABISHUA:

E: Cymecrsyer nugexc ¢ takoit, uto S, < g(»,) m S, < v; —g(v;) pua j =
=12 ...

F: Cymecrsyer ungexc ¢ taxoif, uro S, > —g(v) n S, .
j=12, ..

Pemaromasn ¢yuxuus D(w, y, {v;}), KoTopasg npuHuMaer pemeHme d;, Kak

TOJIBKO HacTyIlaeT sgBJIeHue E, I pemieHue d‘.h ecJii Hacrynaer sIBJIeHMe F, oba-
Jaer cIeynomuMun CBOMCTBAMU:

g(vy) nas

1. BepOﬂTHOCTI) omuOOYHOTO pemeHusA MeHbINC MM paBHA o JUIA BCeX

peIM.

2. C BepOATHOCTHIO efMHHUNA (A KaAoro p € M,) BHOMpaeT oHA pelreHme
mocJie KOHeYHOro 4mesia HaOIIONeHTT,

Onenxa MenwaHH ymclia HaGJIOfeHUil, HEOOXOMMMEIX I JOCTH;KEHHA pe-
nmIeHWs, aHa B 5-ToM maparpade.

B 4-rom naparpade mpumBeneHH TaGunubl 3HaYeHUH 7, MeHbmmIX 502 mia
y =15 0=001lno=01
B 6-rom maparpade mpuBojATCA HPUMepHL.

Pemaromas ¢ysruus D(x, p, {v,}), OueBUIHO, He JOILyCTAMAA. Y IydINeHAA
MOJKHO OBLIO GBI HOOWTHCSI, BO-NEPBHIX, IPUMEHeHHeM Jydmeidl annpoKcHMa-
nuwm, uem 2.17, Bo-BrOpHIX, onpenenennem P = P(F) B coorHOmenun (2.3) n, Ha-

1
KOHeIl, MCI0JIF30BaHUeM WHOTO psifia B yeaosuu 1 — P, < po (m=12..).
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